Il'r’-L"I’ TU TROMNG

[ PAI SO VA GIAI TICH PHAN ]

CHUONG I: DAY SO - CAP SO CONG VA CAP SO NHAN

Muc tiéu

Sau khi nghién civu xong chwong ndy, hoc sinh ¢ thé:

-Hiéu dwoc phiong phdp chirng minh quy nap va hiéu dwoc cdc kién thirc co ban vé day sé
ddc biét la cdp s6 cong va cdp sé nhan

-Trinh bay dwoe cdc dang bdi tdp chitng minh quy nap, cic dang bdi tdp vé day so, cp so
cong va cdp sé nhan .

-M?6 ta dwoc cdc vmg dung cdp s6 cong, cap s6 nhan trong cac lmh viee vdt ly, sinh hoc...
-Ap dung dwoc vdo cdc bai todn cu thé vé day sé, cdp sé cong, cap so nhan.

BAI 1. PHUONG PHAP QUY NAP TOAN HQC

1. Phuong phap quy nap toan hoc

Néu ching minh ménnh dé chira bién A(n) 1a mot ménh dé ding véi moi gia tri
nguyeén
duong n, ta thyc hién nhu sau:
e Budc 1: Kiém tra ménh dé ding véin = 1.
* Buoc 2: Gia thiét ménh dé dung véi sé nguyén duong n =k tuy y (k > 1), ching
minh rang m¢nh dé dung véin=k + 1.
Chu y: Néu phai ching minh ménh d& A(n) 1a dung véi moi s6 nguyén duong n > p
thi:

+ O budc 1, ta phai kiém tra ménh dé dung véin = p;

+ O budce 2, ta gia thiét ménh dé dung véi s6 nguyén duong batkin=k > p va
phai chirng minh ménh dé dang v n=k + 1.

2. Bai tap ap dung
Bai tap 1: Chimg minh: 1+3+5+..+Qn-D=n’,neN" (1)
Giai
Bude 1: Khin = 1, vé trai chi ¢c6 mot sd hang bﬁng 1, vé phai béng 12 , vay hé thuce (1)

ding.

Buée 2: Gia st dang thic ding v6i n=k >1, nghia 1a:
143+5+...+(2k—1) = k*(gia thiét quy nap)

Ta ching minh (1) cling ding véi n =k + 1, tic la:
143+5+...+Qk—-D+[2(k+1)—1] =(k+1)2 *)

That vay, tir gia thiét quy nap ta co:
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vé trai ctia (*): 14+3+5+...+Qk-D+[2(k+D)—-1]1=k> +[2(k+1)—1] = (k+1)*> = vé phai
cua (*)
Vay hé thirc (1) ding véi moi neN".
Bai tap 2: Ching minh rang véi moi ne N":n* +11n chia hét cho 6.
Giai

Vé&in=l, tacod: 13+ 11.1 = 12 chia hét cho 6.
Ta phai chimg minh tinh chat dung véi n = k+1. That vay:

(k+1° +11(k+ D) =k +11k +12+3k(k +1).
Vi k* +11k +12 chia hét cho 6 va k(k +1)1a s chdn nén 3k(k + 1) chia hét cho 6.
— k> +11k+12+3k(k +1) chia hét cho 6 hay tinh chat dung voi n=k+1.

Vay tinh chat trén dung véi moi ne N”,

BAI TAP
1. Chitng minh rang v&i moi n € N*, ta co:
a)1+2+...+n=n(n2+1) b)12+22+_,,+n2:w
(4
¢) P+23+..4n° :[” ”2 } d) 1.4+2.7+...+n3n+1)=n(n+1)?
e) 1.2+2.3+...+n(n+1)=w
f)i+i+...+ L _n
1.2 23 nn+l) n+l
2. Ching minh rang vi moi n € N*, ta co:
a) 2" >2n+1 (n>3) b) 22 >2n+5
1 1 1 1 3 2n 1 1
C) I+—+..+—<2-= (n>2) d) —.=..
2? n’ n 2n \/2n+1
1 1 1 13
e) 1+ <2 f) —+ +ot—>— (n>1
)\/' \/_\/_)n+1n+2 2n24( )
3. Chirng minh rang véi moi n € N*, ta co:
a) n’ +11n chia hét cho 6. b) n®+3n* +5n chia hét cho 3.
c) 7.22"72 432! chia hét cho 5. d) n* +2n chia hét cho 3.
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BAI 2. DAY SO
1. Cac dinh nghia
1.1. Dinh nghia day s6
M&i ham s6 u xac dinh trén tap cac s6 nguyén duong N* dugc goi 1a mét day
s6 vo han (goi tit 13 ddy sd). Ki hiéu:
wN" — R
n — u(n)
Dang khai trién: (un) = U, Uy, ..., un, ...
Vidu 1:
Diy céc s ty nhién 1é 1,3,5,7, ....co sd hang dau u; = 1, s6 hang téng quat
U, =2n—1
1.2. Pinh nghia diy s hiru han
M&i ham sb u xac dinh trén tip M = {1,2,3, ..., n} cac sd nguyén duong N*
duoc goi 1a mét diy sb hiru han.
Dang khai trién: (un) = U, Uz, ..., un .Trong do uyla s6 hang dau, u, la s6
hang cudi.
Vi du 2:
Day cac sb tw nhién chan 2,4,6,8,10,12 co sb hang dau uy = 2, sb hang cubi
U, = 12
2. Céach cho mét day s6
2.1. Day s6 cho bang cong thirc ciia s6 hang tong quat
Vi du 3: Cho day sb
Sn
Uy = n [1)
Tir cong thire (1), ta c6 thé xac dinh duoc bat ky sé hang nao cua diy sd.
Dang khai trién:
9 81 3n
3 e
2 4 n
2.2. Day s6 cho bang phwong phap mé ta
Vi du 4: S6 7 1a s6 thap phan vo han khong tuan hoan
m = 3,141 592 653 589 ...
Néu lap day sb (u,) v6i u, 1a gia tri gan dung thiéu cua sd m véi sai sb tuyét ddi
107" thi
uy = 3,1; up, = 3,14; ug = 3,141; u, = 3,1415; ...
D6 1a diy sd duoc cho bang phwong phdp mé td, trong d6 chi ra cach viét cac sb hang
lién tiép cua day.
2.3. Diy s6 cho bang phwong phap truy hoi
Vi du 5: Day Phi — b6 — na — xi 1a day s (u,,) dugc xac dinh nhu sau:
{ u_l=u2=1 voin = 3,
Up = Up—g + Up_2

3
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Nghia 1a, ké tir sb hang thit ba tré di, moi ) hang déu bﬁng téng cta hai sb hang
dig ngay trudc no.
Céch cho day sb nhu trén duoc goi 1a cho bang phirong phdp truy hoi.
3. Biéu dién hinh hoc caa day sb
Vi diy s6 12 mot ham s6 trén N° nén ta c6 thé biéu dién day sb bang db thi. Khi do
trong mit phang toa do, diy sé dugc biéu dién bang cac diém co toa do (n; u,,).

, ~o A r nt+l 22X o
Vi du 6: Day s0 (u,) v6i u,, = — c6 thé biéu dién hinh hoc nhu sau:
it

4 5

U =Tl =

P37t g
0 hang ctia mét day so6 trén truc s6. nhu

5 3
Uy =2;U; =—
1 275
Tuy nhién nguoi ta thuong bi€u dién cac s
sau:

0 1 Uy Uz Uy 2 Uy

4. Day sb ting, day sé giam va day sé bi chan
4.1. Day sb ting, diy s6 giam

e (Un) ld ddy sO tdng <> Un+1 > Un v6i moi n € N*,
S Un+1—Un > 0 Voi moin € N*
©%>1 voi moin € N* (un>0).
n
e (Un) la day sé giam & Un+1 < Un voi moi n € N*.
& Un+1 — Un< 0 voi moi n € N*

I/t s . .
& L <1 véi moin € N* (un > 0).

uy,
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4.2. Diy sb bi chin

e (Un) la ddy s6 bi chan trén < IM € R un <M, vh e N*,
e (Un) la ddy s6 bi chin duéi < Fn € R:un >m, vh e N*,
e (Un) la diy s6 bi chin < 3n, M € R:m <u, <M, th e N*.

5.Bai tap ap dung
Bai tap 1: Viét nim s6 hang dau cia diy sb (u,) cho béi cong thirc:

n
u =
nogn]
Giai
oo v o2 2.3 3.4 4 5 5
Pt T 2 37 i 7Tt 2t 157 T 2541 31

Bai tap 2: Tim s6 hang tong quat cta diy so:

a) (u ):1;2:4;8;16.

u
b) (u"):{u 1:2u

n+l n
Giai
Ta thay:

u =1=2"%u,=2=2"u,=4=2""u,=8=2"%u,=16=2"=u_=2""

Vay day (un) c6 sb hang tong quat: u, = 2",
b) Ta thdy u, =3;u, =2u, =2.3= 3.21;u3 =2u,=2.6= 3.22;u4 =2u,=2.12= 3.2°
Vay day (un ) c6 sb hang tong quat u =3.2""

BAI TAP
1. Hay viét 5 s6 hang dau cua day s6 (un) cho boi:

2 n
_ -1 _
a) u =2 1 by u =D 0) u =11
n?+1 2n+1 w2 41
d 1Y ~ 2 ., - Ot
) u, = -3 €) u, =n+cos” n ) u, = "

2. Hay viét 5 s6 hang dau cua day s6 (un) cho bai:
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n+2 un - un+l

1
a) u1=2,un+1=§(un+l) ) u =15, u, =9, u

2

n+l = 2

C) u =0, u 1
l/ln+

d) w=Luy=-2,u,,=u,-2u,

3. Hay viét 5 50 hang dau ca dy s6 (un), dy doan cdng thirc s6 hang tong quat un va
chirng minh cong thirc d6 bang qui nap:

2

a) uy=Lu,  =2u +3 D) u =3, u,,, =+1+u,
C) u, =3, u, =2u
d) uy=-Lu,, =2u +1 e)u=lu,  =u+7
¢) 5 u u, +1
U =—Uy=—-
bogm™ 2
4. X¢ét tinh tang, giam cua cac day sé (un) cho boi:
2n+1 " -1)"
a) u =217 by u =2 1 ¢) u, =D
3n-2 Y L n+2
d n+n+l _ ) f _2-n
)unzz— €) u, =n+cos” n ) u, =

n +1 \/;

5. Xét tinh bi chan trén, bi chan duéi, bi chan cua céac day sb (un) cho boi:

2n+3 1 2
a) u = b) u = C)u =n"+4
) " on42 ) " nn+1) ) "
2
2n n T
d) u _nren &) u =——es— ) u =(-1)" cos—
LR | " 1/,12 +2n+n " 2n
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BAI 3. CAP SO CONG
1. Dlnh nghia
Cap so cong la mot day s6 (hiru han hodc vo han), trong d6 ké tir so hang thr hai,
mdi s6 hang dé bang sé hang dung ngay trude néd cong véi mot sd khong doi d.
S6 d dugce goi 1a cdng Sal cua cap s cong.
(Un) la cdp s6 céng <> Uns1 = Un + d, ¥ e N* (d: cong sai)

2. Sb hang téng quéat
Pinh li 1: Néu cap so cong (un) c6 so hang dau u, va cong sai d thi so hang tong quat
u,, dugc xac dinh boi cong thue:

u, =u, +(n—-1)d Véin =2

3. Tinh chét céc s6 hang cua cap sb cong
Dinh li 2: Trong mét cap s6 cong , mdi sd hang (trir s6 hang dau va cudi) déu 1a
trung binh cong cia hai s6 hang dimg ké véi nod, nghia la:

u, +u .
u, = el kil voi k >2
2

4. Tong n sé hang dau cia mat cap sé congPinh Ii 3: Cho cap sé cong (un). Ta co

n(u; +u,) _ n[Zul +(n—1)d]

Sn =u tuy+..tu, =

2 2
4.Bai tap ap dung
Bai tip : Xac dinh cip s6 cong (un) biét:
u, =19;u, =35
Giai

, =19 +4d =190
Ta co: s = Y M
u, =35 u, +8d =35(2)

Lay (2) trir di (1): 4d =16 =0d=4.
Thé vao (1): u, =3. Vay u, =3, d=4.



BAI TAP
1. Trong céc day so (un) dudi day, day so nao la cap so cong, khi d6 cho biét so hang
dau va cong sai cua no:

3n+2
Q) Un=3n-7 b) u, = ns C) un=n2
7-3n n
d) u, =3" e) u, = 5 f) un=§—1
2. Tim s6 hang dau va cdng sai cua cap sb cong, biét:
2) u; =—15 b) u +us—uy =10 0) Uy +us—uy =10
u, =18 u tug =17 uy +ug =26
d) U; —uy =3 &) u2+u125=60 ) y +uy +us =—12
Uy .Uy =75 uy +up, =1170 Uyl = 8

3. a) Giira cac s6 7 va 35 hay dat thém 6 s6 nira dé dugc mot cap sé cong.
b) Giira cac s6 4 va 67 hay dit thém 20 sd nita dé duoc mot cap s6 cong.

4. a) Tim 3 s6 hang lién tiép cua mot cap sé cong, biét tong cua ching 1a 27 va tong
cac binh phuong cua chdng la 293.

b) Tim 4 s6 hang lién tiép caa mot cap s cong, biét tong cia ching bang 22 va
téng cac binh phuong cua chling bang 66.

5. &) Ba goc cua mot tam giac vudng 1ap thanh mot cap sé cong. Tim sb do cac goc
do.

b) S6 do cac gdc ctia mot da giac 16i €6 9 canh 1ap thanh mot cap sb cong co cong
sai d = 3% Tim so do cua cac goc do.

¢) Sb do cac goc cua mot tir gidc 16i 1ap thanh mét cap sé cong va goc 16n nhat gap
5 lan goc nho nhat. Tim so do cac goc do.

6. Chirng minh rang néu 3 sb a, b, ¢ 1ap thanh mot cap sé cong thi cac sd x, v, z ciing
lap thanh mot cap s6 cong, vai:

a) x=b*+bc+c?; y=c*+ca+a’; z=a* +ab+b*

b) x=a®—bc; y=b>—ca; z=c*—ab



Il'r’-L"I’ TU TROMNG

BAI 4. CAP SO NHAN
1. Dinh nghia
Cap so nhén 13 mot diy sd (htru han hogc v6 han), trong do ké tir so hang thr hai,
mdi s hang déu 1a tich cua sb hang du:ng ngay trudc nd véi mot sé khong doi q.
S6 q duoc goi 1a cdng bdi cta cip s6 nhan.
(Un) la cdp s6 nhdn < Un+1 = Un.g vdin € N*(q: cong
boi)

2. S6 hang téng quat
Pinh li 1: Néu cap s nhan (un) c6 so6 hang dau u, va cong boi q thi so hang tong quat
» duoc xac dinh boi cong thure:

_ n—1 )
U, =u.q ;vm n=>2

3. Tinh chét céc s6 hang cia cip s6 nhan
DPinh li 2: Trong mot cap s6 nhan, moi s6 hang (trir s6 hang dau va cu6i) déu la tich
cua hai s6 hang diing ké vdi no, nghia la:

2 _
Ue =Wt Wt - i e >2

4. Tong n sé hang dau cia mat cap sé nhan
Pinh li 3: Cho cap so nhan (un). Ta cd

S, =nu, voi g =1
u,(1-4"

s, =07 ) g
I-q

5.Bai tap 4p dung

Bai tap : Tim s hang dAu va cong boi caa cp sénhan {4~ "2~ 2
us —uy =144

Giai
3_ — 2 _
Ta co: ul-? ur‘il 72 - ulgl-(q2 D=72 (1)
u.q —u.q =144 uq.(q - =144 (2)
Chia (2) cho (1) ta cé: g= 2.

Thé vio (1) tacé: u, = — = =12 Vayu, =12:q=2.
2.2%~1)
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BAI TAP
1. Tim sb hang dau va cdng boi cua cip sé nhan, biét:

a) u4—u2:72 b) ul—u3+u5:65 C) u3+u5=90
Us — Uy =144 u +uy =325 Uy — U =240

2. a) Giira cac s6 160 va 5 hdy chén vao 4 sé nira dé tao thanh mét cap sb nhan.
b) Giira cac s6 243 va 1 hiy dit thém 4 s nira dé tao thanh mot cap sb nhan.

3. Tim 3 s6 hang lién tiép caa mot cip s6 nhan biét tong cua ching 1a 19 va tich 1a
216.

4. a) Tim sé hang dau cia mot cap sé nhan, biét rang cong boi 1a 3, tong sé céac sd
hang la 728

va s6 hang cudi 1a 486.

a) T|m cong boi cua mot cap 6 nhan c6 s6 hang dau 1a 7, sd hang cudi 1a 448 va
tong so cac  s6 hang la 889.

5. Tim bon s6 hang lién tiép cia mot cap s6 nhan, trong do6 s hang thir hai nho hon
so hang thir nhat 35, con s6 hang tht ba I6n hon s6 hang thir tu 560.

6. S6 s6 hang caa mot cap sé nhan 1a mot sé chan. Tong tat ca cac s6 hang cua né 16n
gap 3 lan tong cac s6 hang co chi s6 1é. Xac dinh cdng boi cua cap so6 do.

7. Tim 4 s6 hang dau ciia mot cap s6 nhan, biét rang tong 3 s6 hang dau Ié%, dong
thoi theo tha ty ching 1a s6 hang thtr nhét, thir tu va thi tim ciia mot cap sé cong.

8. Tim 3 s6 hang dau cua mot cap sé hhan, biét rang khi tang s6 thir hai thém 2 thi cac
s6 d6 tao thanh mot cap s6 cong, con néu sau dé tang s cudi thém 9 thi chang lai 1ap
thanh mét cap s6 nhan.

9. Tim4 50 trong d6 ba sd dau la ba s6 "hang ké tlep cua mot cap sb nhan, con ba sb
sau la ba ) hang ké tiép cua mot cip sb cong; tong hai s6 dau va cudi bang 32, tong
hai s gitra bang 24.

10. Tim cac s duong a va b sao cho a, a + 2b, 2a + b 1ap thanh mét cip sé cong va (b
+1)2 ab + 5, (a + 1)2 lap thanh mot cap sé nhan.

2
y—x

12. Chtng minh rang néu 3 s6 2 lap thanh mot cap sb cong thi 3 56 X, Y,
y—Zz

< | =

z lap thanh mot cp sb nhan.

10



ON TAP CHUONG I
1. Chttng minh rang véi moi n € N°; ta co:
a) 3n®+ 15n chia hét cho 9.
b)  b)3*"*! 422 chia hét cho 7;
c)  ¢) 13" -1 chia hét cho 6.

~ X e uy = . , - e o Z A ca
2. Cho day so6 (u,,), biéet {Un+1 = 2u, — 1 (v6i n = 1). Viét nam s0 hang dau tién
cua day.
3. Tim s0 hang dau va cong sai cua cap so cong, biét:
) uy =—1 b) u +u, —us =11 0) Uy +us—uy =0

u, =-15 ug +u, =-20 Uy +ug=-2

4. Tim s6 hang dau, cong sai va Sio cua cap sb cong, biét:
) 2up +uy —us =6 b) up +2u, —ug =8 0 Uy +uy +us =1

2uy +ug =-2 uy +u; =-16 Uy, +u, =4
5. Tim sb hang dau u,va cong sai d cua cap sé congl(u,,) , biét:

5“1"‘1[]1{5 =1 H?+H15=6ﬂ
a) _ b) 7 - 2 _
S5, =14 uy +uj, = 1170

6. Tim s6 hang dau va cdng boi caa cap s6 nhan, biét:

Us —uy =144 Uz + Uy — U = 20 Uy — g =240

7. a) Gitra hai s6 2 va 54 hdy chén vao 2 s6 nita dé tao thanh mot cip sb nhan.

b) Giira cac s6 3 va 48 hiy dat thém 3 sb nita dé tao thanh mot cip sé nhan.

11
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CHUONG II. GIOI HAN

Muc tiéu

Sau khi nghién ciru xong chwong nay, hoc sinh cé thé:

-Hiéu dwoc cdc khdi niém vé giGi han ciia day s, ham sé, ham s6 lién tuc.

-Trinh bay dwoc cac dang bai tap vé gidi han ddy s6, gidi han ham sé va chirng minh
diroc mot ham sé lién tuc tai mot diém xo hay lién tuc trén mot doan [a, b]

-Mé ta dwoe cdc ting dung ciia giéi han trong cdc nganh kj thudt , kinh té...

-A}? dung duoc cac khdi niém, dinh ly de giai dwoc cac bai toan cu thé vé gioi han
day Sé,giéi han ham sé, chitng minh dwoc mot ham s6 lién tuc..

BAI 1. GIOI HAN CUA DAY SO
1. Gi6i han hitu han cua day s6
1.1. Pinh nghia 1. Ta noi day s6 (u,) c6 gisi han 14 0 khi n dan t6i dwong vé cuc,
néu |u,| c6 thé nhé hon mot s6 dwong bé tly y, ké tir mot s6 hang nao do tro di.
Ki hiéu:
lim u, =0 hay u, - 4o khin - 4w

n—+co

Nhu vy, (u,,) ¢6 gidi han 13 0 khi n = +co néu u,, c6 thé gan 0 bao nhiéu
cling dugc, mién n du lon.

1.2. Pinh nghia 2. Ta ndi diy (v, ) c6 giéi han 14 s6 a (hay v, dan téi a) khi

11 — 400, néu

lim (v, —a) = 0.
n—+co

Ki hi¢u:
lim v, =a hay v, 2 akhi n - +oo.
N—+o0

1.3. Mot vai gidi han dac biét

Tir dinh nghia suy ra cac két qua sau:

1 1
a) lim —=0; lim — = 0; voi k nguyén dwong;

n—+o 1 n—:+uxuﬂ'[‘
b) lim ¢™ = O0néulq| < 1;
n—++0o
c)Néuu, =c (clahang so)thi lim u, = lim c=c.
n—+oo n—++oo
Ghi ch(:Tir nay vé sau thay cho viét lim u, = a, tacé thé viét tit la: limu,, = a.
n—+co

2. binh i vé gidi han hitu han

12
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Viéc tinh gidi han bang dinh nghia kha phuc tap nén nguoi ta thudng ap dung
cac cong thirc gidi han dac bi€t néu trén va dinh li sau day ma ta thira nhan.

Pinh li 1
a) Néu lim u, = avalim v, = b thi

lim(u, +v,) =a+b
lim(u, —v,) =a—h
lim(u,.v,) = a.b

lim (U—) =2 (Néub #0)

b) Néu u,, = 0 véi moin va lim u, = athia = 0va lirﬂvfa= Va
3. Tong cua cap s nhan [0i vo han

Cho cap s0 nhan vo han (U n) €6 cong bdi q, v6i lgl < 1 téng ciia cap so nhin
liii vo han (uy) la:

iy

£ =

1—gq

Chding hgn: Hai diy sb sau dy 1a nhitng cdp s6 nhan i v6 han:

.11 1 1 L .. 1
Day SO% 247 s g s v wve s s wee o vGi cong boi g =

. 11 1 1 -1 o . 1
Day SO: 1,— E’E’_E’E'" R (_E) P VvO1 cong b()l q= _E_
Vidu 1:

, 2 ) A Je A TN: A , . 1
a) Tinh tong ctia cap so nhan Iui vo han (u,,), voi u,, = prd

, 2 1 1 1 1y -1
b)Tmhtong'1_E+1_E+”"+(_E) + e

Giai

- 1 1 1 ,
Vlun=§=>ul=§;q=§.Dodo

1
< 1 1 1 1 Uy 3 1
=—4+—+ =+t + = = =—
3 9 27 3n 1l-q 4_1 2
3
Céc s6 hang ciia tong 1ap thanh cép s6 nhan lii vo han véi u; = 1, g =—%.
Vay
ey 1 1 1 (1)“‘1 U 1 2
=l——-+———4-4+|—-=] +-= = ==
2 4 8 2 1-q 4_ _1) 3
2

4. Gidgi han vo cuc
13
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4.1.Pinh nghia

Ta no6i diy s6 (un) c6 gidi han 13 +eo khi n — 400 néu un c6 thé 16n hon mot s6
duong bat ki, ké tir mot s6 hang nao do tro di.

Ki hiéu:

limu, = 4o hay u, = 4o khi n = +oo.

Diy s6 (un) dugc goi 14 ¢6 gidi han 1a —eo khi n — +e0 néu lim (—u,,) = +co.
Ki hiéu:

limu, = —oo hay u,, = —co khi n — +oo.
Nhén xét
limu, = 400 & lim(—u,) = —co.

4.2. M@t vai gioi han dic biét
Ta thtra nhan dinh 1i dudi day:
a) limn* =+ (kK EN)
b) limg"™ = +o0 néu(g = 1)
4.3. Pinh li

Pinh Ii 2

u
a) Néu limu, = a valimv, = +eo thi lim—= 0

Un

u
b) Néu limu, = a = 0; limv, = 0 vav, = 0(¥n € N*) véi moi n thi lim— = 4o
v.‘rt

c) Néu limu, = +w va limv, = a = 0 thi lim(u,.v,) = 4o

5. Bai tap ap dung
Bai tap 1: Tinh
. n+7
Iim ————
—2n+1
Giai
Chia ca tir s6 va mau sd cho n, ta duoc

5
Sn+7 B 5+H

—2n+1 5,1
2+

7 7
ﬂlim(5+a)=lim5 +Iim£=5—|—ﬂ=5

14




1 1
valim (—2 + —) =lim(—2)+lim—=-2+0= -2
n n

5n 4 7 5+ — Iim(5+—) 5
nén lim = lim —
—4n + 24+ = Ir,m(—z—i-—) —2
2_
Baitip2: Tih  limon "
n°+1
Giai
Chia ca tir s6 va mau s6 cho n 2, ta duoc
1
3n’—n 3—4
nz+1 11
el +1

1 1
ﬂlim(S——)=Iim3—Iim—=3—ﬂ=3
n n

" 1 1 " 1 " 1 "
valim (—.—+1) =lim—Iim—+Iliml=00+1=1
n

nn n
1 . 1
ﬂEﬂflmﬁ=Ilm1 1 = 11 =I=3
n 11 . 11
ﬂ.n—i—l Elm(.nn—i—l)
2
Bai tdp 3: Tinh lim Y140
1-2n
Giai
Ta co:
1 1 1
[im ———— = Iim =lim————=Iim————=—=-1
1—2n 1—2n n[l—z) (1_2) -2
“\n 1
Bai tap 4: Tinh
. 2n+5
lim
n. 3"

15
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Giai
Chia ca tir va mau cho n, ta duoc
5
2n +5 _ 2+
n.3" 3n
: 5  fom . 2n+5 . 242
Vilim (2 +;) = 2;lim(3 }=+00=:‘"Ilmﬁ= Izm?= 0.

Bai tap 5: Tinh  lim(n®—2n-1)

X—>00

Giai
Taco
2 2
n®—2n—1=n? (1————2)
n n
o , 2 2
Vilimn® = 4oo;lim (1 ————2) =1=0
n n
= lim(n? — 2n — 1) = limn? (1 —E—%) = +4o0.
1T n
BAI TAP
1. Tinh c&c gidi han sau:
o 6n—1 . 3nf+n-—5
a) lim : b) lim——————;
3n+ 2 2n? +1
. 3" 454" o Aan?—n+41
c)lim——; d) lim
4n 4 2n dn — 2
2. Tinh céc gidi han sau:
a) lim(n®+ 2n* —n + 1); b) lim(—n* + 5n — 2);
¢) im(vn? —n —n); d) lim(vVnZ —n +n).
3. Tinh
P 1 1 (—1)m
B AT

4. Cho s6 thap phan vo han tudn hoan a = 1,020 202 .... (chu ki 02). Hay viét a duéi
dang mot phan s6

16
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BAI 2. GIOI HAN CUA HAM SO

1. Giéi han hitu han cia ham sé tai mot diém
1.1. Pinh nghia

Cho khoang K chtra diém Xo va ham sé y = f(x) x4c dinh trén K hoic
trén K\ {x,}.

Ta n6éi ham sé y = f(x) ¢ giéi han 1a L ( khi x dan t6i xo, néu vé6i day sb (xn)
batki, x, € K \ {xp}vax, — x,taco f(x,) = L.
Ki hiéu:

lim f(x) =1L

X=Xy

Nhan xét.

lim x = x;; lim ¢ = ¢ ( clahang s0)
Xy Xy

1.2. Pinh li vé giéi han hiru han
Ta thtra nhan dinh 1i sau day:

Dinhli 1:

a) Gia sir Jlli_arj‘_lf[x}=L: J}Lr?g[x)=m,taco:
Il +gWl=L M

¢l [FG) - gl = L~ M

. ILrn [F(0).g00] = LM

(X) L
* EEE5£E}§-=:EE; (M =+0)

b) Néu f(x) = 0; lim f(x) = Lthi L= 0va lim /f(x) =L
Xy X—=dp

(Dau cua f(x) duoc xét trén khoang dang tim gidi han, voi x # x,).

1.3. Giéi han mot bén

Dinh nghia 2:

* Cho ham s6 y= f(x) xac dinh trén khoang (xo; b).
S6 L dugc goi 1a gidi han bén phai cia ham sé y = f(x) khi x,, — x, néu véi day s6
(Xn) bat ki, xo < Xn < b VA x, — x,,taco f(x,) = L.
Ki hiéu:
lim f (x) =1L

x—ary

17
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* Cho ham s6 y= f(x) xéc dinh trén khoang (a; xo).
S6 L duoc goi 1a giéi han bén trai ciia ham s6 y = f(x) khi x,, — x, néu véi diy sb
(Xn) bat ki, a < Xn < Xo VA x,, = X, ta co f(x,) —= L.
Ki hiéu:
lim f(x) = L.

x—=ag

Ta thira nhan dinh li sau:

Pinh 1i 2

lim f(x) =L < lim f(x)= limflx)=1L

r—xg x—xyg r—xyg

Bx + 2néux =1

Vi du 3: Cho ham sb f(x) = [x?' 3 ndux <1

Tim
.;..l-l—ﬂl-f[x): J}qu-’r flx);  va l‘_l_r:r}f[x) (néu co).

Giai
lim f(x) = lim(x® —3) =1% — 3= —2;
xr—1 x—=1
J}Lrilf[x) = ,,.h_,r?"r[Ex +2)=17.
Nhu vay:  lim f(x) # lim f(x) = limf(x) khéngtén tai.
x—1 xr—=1 x—=1

2. Giéi han hiru han cia ham sé tai vo cuc
2.1. DPinh nghia 3:

a) Cho ham s6 y= f(x) xéac dinh trén khoang (a;+co).
Ta néi ham s6 y = f(x) ¢6 gidi han 1a s6 L khi x — oo néu véi diy so (xn) bat ki,
Xo<Xn<bvax, - +oo,taco f(x,) — L.
Ki hiéu:
lim f(x) =1L

X—+00
b) Cho ham sb y= f(x) xac dinh trén khoang (—oo;a).
Ta néi ham sé y = f(x) c6 giéi han 1 s6 L khi x — —oo néu véi diy sd (xn) bat ki,
vax, - —oo,taco f(x,) = L.

lim fix) =1L
Ki hiéu: J-'-’—mf
Chay:
Véi ¢, klahang so, k € N°, ta ludn co:
C
lim c=¢; lim _;::U
xr—too r—too X

18



Vidu 3: Tinh
o 3x?—2x
im ————
x=+o0 X2 41
Giai

Chia ca tir va mau cho x2, ta co

2 , 2
3x? — 2x 3—% xl_l,rfm (3 - E)
lim 2—+1= lim 1 = 1
xr—+4oo X xr—+4oo 4 4
1 +xz Al_lﬂilm (1 +x2)
2
lim 3— lim (——
_ x—+to .J.'—Z|+III( x)=3_ﬂ=
. . 1 1+0
1 1 1 —
.J:—lrlzlm + .J:—lzr-lr-lm (xz)

3. Giéi han vo cuc ciia ham sé
3.1. Gidi han vo cuc
Dinh nghia 4

-r-—LY TU TROMNG

Ki hiéu:
lim fl(x) = —oo

x—+coo

Cho ham s6 y= f(x) x4c dinh trén khoang (a;+oo).

Ta no6i ham sd y = f(x) c6 gii han 1a s6 —oo khi x — 400 néu vé6i diy sd
(xn) bat ki, xn>avax, — +oo,taco f(x,) - —co.

Nhan xét:

lim f(x) = 400 & IETW(—f(x)) = —oo0

X—+o0
3.2. Mot vai gidi han dac biét

a) lim x* = 4o v6i k nguyén duong

=400
b) lim x® = —o0 néuksblé
X—=—00
c) lim x* = +o00 néu k 14 s6 chin
X—=—00

3.3. Mt vai quy tic vé giéi han vo cuc

a) Quy tic tim giéi han cia tich f(x). g(x)

Néu lim f(x) =L+ 0; lim g(x) = +oo( hodc — e)thi  lim f(x)g(x)
X=X, X—Xg

x—ag

19
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lim f(x) lim g(x) lim f(x)g(x)
x—ag a—xg X=Xy
L=10 +oo +oo
—o0 — o0
— 0 —+oo
4 . re - fix)
3.4.Quy tac tim gi¢i han cia thwong vy
lim f(x) lim g(x) Dau cia g(x) k)
x—=xg x—ag lim
x—=Xp g [x}
L +oo Tuyy 0
L=0 +co +co
0 —o0 —o0
— 0 —+oo

Céc quy tac trén van dung cho céc trudng hop

4. Bai tap ap dung

Bai tip 1: Tinh
x24+1

lim

x=3 24/x

X = Xg;X = Xp;X — +oo;x - —oo

Giai

Theo dinh 1i vé gi6i han ta co

lim(x* +1)

_ x—>3

x2+1

dim
X—3

Bai tap 2: Tinh
x243x—4
lim————

x—1 x—1

05
6

-3 20x  lim2dx

B

Giai

20
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Vi (x — 1) —» 0khix — 1, nén ta chua thé ap dung duoc dinh 1i néu trén.
Nhung véi x #= 1taco

x2+3x—4_ [x—1)[x+4)_

x+4
x—1 x—1
Do do6
x2+3x—4 (x —1(x+4)
lim———— = lim = lim(x + 4) = 5.
x=1 ¥ —1 x=1 r—1 =1
Bai tap 3: Tinh
lim (x® — 2x)
r——00
Giai
Taco
. 3 . 3 2
lim (x* — 2x) = lim x 1-—
r——o0o X——00 X
- 3_ o T A - 31 _2Y_ _
wxl_l,rflmx = Do,xl_llr_nm(l xﬂ)_l}ﬂ:}xl_l,r_nmx (1 xg)— o,
Vidu 4: Tinh
i 2x—3 2 i 2x—3
(1) eriLx_l, ).J:Lrl:[:!'-x—l
Giai
a) Taco
lir'il_[x—1)=ﬂ,x—1:iﬂvé'1'mgix=ilvé
=
111}1_[23:—3)=2.1—3=—1=::ﬂ
X
2x — 3
= lim = +oo.
1" x—1
b) Taco
lim(x—1) =0,x —1>0véimoix > 1va
r—1
| | 2x — 3
' 2y —3)=21—-3=-1=10 = i = —oo,
ALI-JI:!I-[ X ) =17 x—1

21



1. Tinh cac gidi han sau:

2x —6
a) lim :
r—+om 4 —x
| 17

c) lim
).J.—J+Dﬂx2+1
4 — x?

e) lim
x—-2 x—I—E

2. Tinh cac gidi han sau:

3y — 5

a)il—m (x — 2)2‘

m

3. Tinh céc gidi han sau:

Q)

c)

4. Tinh cac gidi han sau:

a)l

9

e

g)

lim (x

x—s+co

lim

17

x=+mx2 4 1

x2—1

im

x—1x—1"

lim
X —+oo

x4+ x—7

x24+1

)} lim

=0

lim

x—+4oo

Vv1+2x—1

r

2x

V1i+x2+x

h—2x

4—x2+x—1);

»
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BAI TAP
—2x? 4+x-1
lim ;
x—+oo 3+ x
x2—1
d) lim ;
-3 x+1
vx+3—3
lim :
x—6 x—6
y 2x —7 Zx—?
.J.l—:rlr.l_ r—1"' ) ALrJI.-!'- X —

Vai4+1+4x

by lim ——:
) J:—I:Tm 5 —2x

d) lim (—2x% 4 3x% —5)

xr——ia

d) lim ;
x—=1 x—1

lim (w,,-“x2+x+1—x);

X—++co

B lim (Va2 +14+x-1)

X —=—o0
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BAI 3. HAM SO LIEN TUC

1. Ham sé lién tuc tai mot diém

Dinh nghia 1

Cho ham sé y = f(x) xac dinh trén khoang K va x, € K.

Ham s6 y = f(x)dwec goi 1alién tuc tai x, né’u;iril flx) = f(xy)
—Xp

2. Ham sé lién tuc trén mét khoang
Dinh nghia 2
* Ham s6 y = f(x) duoc goi 12 lién tuc trén khoang (a; b) néu ham sé lién tuc

tai Xo, Vx, € (a; b)

* Ham s6 y = f(x) duoc goi 12 lién tuc trén doan [a; b]néu ham sé lién tuc trén
khoang (a; b) va
Iim, f(x) = fla)va Iim f(x) = f(b)

3. Mot s6 dinh li co ban

Ham sb da thuc lién tuc trén R
Ham s6 phan thae hitu ti (thuwong ctia hai da thic) va cac ham sb lugng giac lién tuc
trén tirng khoang xac dinh cuaa ching.
Gia sir cac ham s6 y = f(x) va y = g(x) lién tuc tai Xo thi
+Ham sé y = f(x) + g(x); y = f(X) - g(X) ; y = f(x). g(x) lién tuc tai Xo
\ Je Flx) ... . 4R £
+ Hamso y = o lién tuc tai diém Xo (néu g(x) = 0)

Néu ham s6 y = f(x) lién tuc trén doan [a; b] va f(a). f(b) < 0 thi ton tai it nhat mot
diém ¢ € (a; b) sao cho f(c) = 0

4.Bai tap ap dung
Bai todn 1: Ham so lién tuc tai mgt diém

Phwong phap:

Pé ching minh ham sé f(x) lién tuc tai mot diém xo, ta qua 3 budc sau day:
Bl . Tiﬂ.h f':xU)

B,:Tinh lim f(x)
X
B,: So sanh f(x,) va lim f(x)
x—xp

Néu lim f(x) = f(x,) thi két ludn f(x)lién tuc tai diéem x = x,
.J:—:'.J:U
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x4

Bai tap 1: Cho ham s : f(x) = {x—z P XF2

4 x =2

Xét tinh lién tuc ciia ham s f(X) tai diém x, = 2

Giai
Ta co:
= Tinh f(x,) = f(2) =4
x2—4 x4+ 2)(x — 2
= Tinh lim f(x) = lim = lim[ )( ) =lim(x +2) =4
12 =2 x — 2 x—2 x — 2 x—2

Do d6:
lim f(x) = f(2)
r—=2

Vay f(x) lién tuc tai diém x = 2

3
‘e A . \ 'Y _x-x+1, x<1
Bai tap 2.Chohamso.f(i’5)I { 3x+2 x=>1

Xét tinh lién tyc ctia ham s f(x) tai diém x, = 1
Giai
Ta co:
=Tinh f(x,) = f(1) =3.1+2=5
+ Tinh Jlﬂlf{x) =}i_}1}1_[3x +2)=31+4+2=5
,,,U_H]"rf&) = J}Lril[xg —x+1)=1
Vi ;.lﬂl‘ flx) = J}l_ﬁ]_,r f(x) nén ll_l;t}f[x} khong ton tai
Vay f(x) khéng lién tuc tai diém x = 1
Bai tap 4 : Xét tinh lién tuc ctia ham s f(x) = ;Tz tai x, = 3.
Giai
Ham s6 y = f(x) lién tuc trén R\, {2}. Do d6 x4c dinh trén khoang (2; 4c0)chtra

Xg = 3.

24



AAF iy TU TRONG
X
limf(x)=lim——=3=1{(3
.J:—:Bf[: ) x—=3xy — 2 (3)
Vay ham s y = f(x) lién tyc tai x, = 3.

Bai toan 2: Ham sé lién tuc trén mat khoang, mat doan

Phwong phap:

1/ Ham sb f(x) lién tuc trén khoang (a; b) & f(x) lién tuc tai moi diém thudc
khoéang (a; b).

2/ 1 Ham s f(x) lién tuc trén doan [a; b] néu f(x) ) lién tuc trén khoang (a; b) va

lim, fx) = fla); J‘l_izl’gl_f[x) = f(b)

o N T
Bai tap 4: Xét tinh lién tuc ciia ham sé: f(x) = {JL .:; S x#3
4. x=23
trén tap xac dinh cua no.
Giai
Tap xéac dinh cia ham s f(x)1a: D = R

at—2x-3

Néux # 3 thi f(x) = —

Vi f(x) 1a thuong cua 2 da thtrc, dong thdi miu sé x — 3 # 0; Vx # 3 nén f(x) lién
tuc trén cac khoang (—o0; 3)va (3; 4+o0)

Taix=3.Tac6éf(3)=4
x2—2x—3 x4+ 1)(x—3
lim f(x) = lim———— = lim( It )
x—=3 x—3 ¥ —3 x—3 x—3

= l_irra}[x +1)=4
Suyra: Iin; f(x)=f(3)=4

Suy ra f(x) lién tyc tai diém x = 3

Vay ham s f(x) lién tuc trén R.
2x®—2x . Y= 1
Bai tap 5: Cho ham so f(x) = { x-1 "
5; x=1
Xét tinh lién tuc ctia ham sb trén tap xéac dinh cua nd.
Giai
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e Néux =1,thif(x)=

-r'—LY Y TRO“!:Ilﬁ
Tap xac dinh cua ham so la: R..
2x°
x-1

Day 1a ham s phan thuc hit ti ¢6 tap xac dinh 13: (—o0; 1) U (1; +00).

-2x

Vay n6 lién tyc trén mdi khoang (—oo; 1)va (1; +00).
Néux =1taco f(x) = 5.
2x% —2x 2x(x — 1)

lim f(x) = lim———— =lim———— = lim 2x = 2.
x—1 -3 x —1 -3 x—1 x—1

= lilmf[x} + f(1).
XK=
Suy ra ham sb da cho khong lién tuc tai x = 1.

Két luan: Ham s di cho lién tuc trén cac khoang (—oo; 1); (1;400) va gidn doan tai
x=1.

Bai toan 3: Chirng minh phwong trinh c6 nghi¢ém nhé tinh lién tuc ctia ham s6

Phwong phap:

Néu ham s6 y = f(x) lién tuc trén doan [a; b] va f(a).f(b) < 0 thi phuwong trinh f(x)
= 0 ¢6 it nhat mot nghiém nam trong khoang (a; b)

Bai tap 6: Chang minh rang phuong trinh: x® + 3x% 4+ 5x — 1 = 0 ¢6 it nhat mot
nghiém trén khoang (0; 1)

Giai
Xét ham s6: f(x) = x% + 3x% +5x — 1
Ta c6 f(x) 1a da thirc nén lién tuc trén doan [0; 1]

f(o) =—1

f() =8 = f(0).f(1) <0

Mat khac: {

Vay phuong trinh f(x) = 0 ¢6 it nhat mot nghiém trén khoang (0; 1).
Bai tap 7: Chung minh rang phuong trinh x% 4+ 2x? — 5 = 0 ¢6 it nhat mot nghiém.
Giai

Xét ham s6 f(x) = x* + 2x% —5.
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fl0) =-5

Ta co: { £(2) =7

= f(0).f(2) < 0.
y = f(x) 1a ham s6 da thirc nén lién tuc trén R. Do d0, né lién tuc trén doan [0; 2].
Tir d6 suy ra phuong trinh f(x) = 0 c6 it nhit mot nghiém x, € (0;2).
BAI TAP
1. Xét tinh lién tuc ctia ham s £ (x) tai x = 2, biét

x*—8
f)=9%x—-2" ¥*2
5: x=2

2. Xét tinh lién tuc caa ham sé f(x) tai x = 1, biét

x—3

: x=*=1
—1; x=1

flx) =

3. Cho ham sb

X

f[x)={ e’ x <=0

a+x; x=0
V6i gia tri nao cua a thi ham sé f(x) lién tuc trén R.
4.Tim a dé ham s0 :

-t 4+ 2x—2

f(x}={ ~—1 ; x#1
3x + 3; x=1

lién tuc tai x = 1.

5. Xét tinh lién tuc cua ham sé f(x) trén tap xac dinh cua no, biét

xZ -2 >

E— xFy
flx)=4x—42

21.@: x=vﬁ

6. Chang minh rang phuong trinh: 4x* 4+ 2x2 — x — 3 = 0 c6 it nhét hai nghiém
phén biét trén khoang (—1; 1)
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ON TAP CHUONG II
1. Tinh cac gidi han sau:
. 8n + 1 1 n®+n—2
a) Monts ) lim 2n3—1 '

ii VvonZ —n+1 DI ( | arr— s ! )
c)lim ; misyn-+omn—1—nj;
) P ) \
. . 2n — 75M
e)im - ————;: m :
) Vn+3—+vn 2 5" + 37"
2. Tinh céc gidi han sau:
—5x —1 Bx¥® 4+ 3x+1
a) lim ———; b) lim :
x—+eo 2x 4+ 9 xs—oo  2x3—1
¢) lim(x® — 7x 4+ 1); d) lim (w.,fxz-l-Ex—l—x);
x—2 x—+oo
5x% —10x +5 x343x% 4 2x
e) lim ; f) lim ;
r—=-3 x—1 r—=1 x4+ 2
3. Tim céc gi61 han sau:
x+3 x24+5x+6
a) lim ———; by lim ———;
x—29 4+ x + x? x=-3  x% +3x
2 o Vxl —2x+4—x
c) lim (—x° +x* —2x + 1); d) lim ;
r—+oo r—s—oo 3Iy—1
x+3 bx + 2
e) lim ; im ;
x—=-w3x — 1 x—00 3x + 7
4. Xét tinh lién tuc trén R cta ham sb
xt—x—-2
fO=1"x—2 '+ *7?
5—x; x=2
3—x 3
—_ x#
f)=4yx+1-2
5. Cho ham sé a; x=3

V6i gia tri ndo ciia a thi ham sé f(x) lién tuc tai x = 3.
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Chuwong ITI. PAO HAM

Muc tiéu

Sau khi nghién cuu xong chuong nay, hoc sinh cé thé:

-Hiéu dwoc khdi niém dao ham ,ndm dwoc y nghza va nho cdc cong thiee dao ham .
-Trinh bay va nhan dwoc cac dang bai tap vé dao ham.

-Mé ta dwoc cdc ting dung ciia dao ham trong trong vit 1y, co hoc, kinh té..

-Ap dung dwoc C&c dinh Iy, cong thirc dé gidi dwoc cde bai todn cu thé vé dao ham..

BAI 1. PINH NGHIA VA Y NGHIA CUA PAO HAM

1.Pao ham tai mot diém

1.1. Pinh nghia dao ham tai mot diém

Pinh nghia: Cho ham sé y= f(x) xac dinh trén khoang (a; b) va xo € (a; b). Néu ton
tai gidi han (htru han)

" ) = f(x)
im

X—Xp X — xU

thi gi¢i han d6 duoc goi 1a dao ham clia ham s6 y= f(x) tai diém xo va ki hi¢u 1a
f*(x0) (hodc y’(x0)), tie la:

) — 1 T =G

XA X _xU

Chay:
Pai luong Ax= X — Xo dugc goi 12 s6 gia cua dbi s6 tai Xo.

Pai luong Ay= f(x) — f(xo)= f( Xo+ AX) — f(Xo0) duoc goi la sé gia twong

rng ciia ham so. Nhu vay;

Ay

1.2. Cach tinh dao ham bang dinh nghia
Quy tac:

Guc’yc 1: Gia st Ax 1a s6 gia caa ddi s tai xo, tinh: \
= f(Xo + AX) — f(Xo).
Budc 2: Lap ti sb —.
AX

, . A
Budc 3: Tim lim =
Ax—0 Ax

\ /
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Vi du 1: Tinh dao ham ciia ham s f (x) :% tai o = 1

Giai

Gia str Ax 1 sb gia caa ddi sb tai xo = 1
Taco: Ay = f(1 + Ax) — f(2)

o 1 1 —AX

1+ Ax 1+ Ax

Ay  —1

Ax 1+ Ax

Jim Y = jim ——L —

Ax—0 AX Ax—0 1 4+ AX

Vay f(1)=-1
1.3. 'Y nghia hinh hoc ciia dao ham
Pinh Ii 1. Cho ham sé y= f(x) xac dinh trén khoang (a; b) va c6 dao ham tai xo < (a;
b). Goi (C) 1a do thi ctia ham sé dé. Ta co:

Dao ham cuia ham s6 y= f(x) tai diém xo bang véi hé s6 géc cua tiép
tuyén MoT cua (C) tai diém Mo( Xo; f(Xo)).

1.4. Phuwong trinh tiép tuyén:
Pinh i 2

Phuong trinh tiép tuyén cua do thi (C) ctia ham sé y= f(x) tai diém Mo( Xo; Yo) la:

Y — Yo= £(X0)(X — Xo)
trong d6 yo= f(Xo).

Vi du 3: Cho parabol y =— x? + 3x — 2. Viét phuong trinh tiép tuyén cia parabol tai
diém co6 hoanh dd xo= 2.

Giai
Taco: Xo=2

Yo=Yy(2) =0.
Bang dinh nghia ta tinh duge: y’(xo) =y’(2)=-1
Vay phuong trinh tiép tuyén cua parabol tai diém Mo(2; 0) la

Yy = Yo=f'(x0)(X — Xo)
oy-0=(-1).X-2)=y=-x+2

2. Pao ham trén mét khoang

2.1.Dinh nghia: Ham s6 y = f(x) duoc goi 1a c6 dao ham trén khoang (a;b) néu né
c6 dao ham tai moi diém x trén khoang do.
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Khi d6 ta goi ham s6 :

fl:la;:b) = R
x = f'(x)
La dao ham cia ham s6 y = f(x) trén khoang (a; b); ki hiéu 1a y" hay f'(x).
Vidu 4:
Ham sé y = x? c6 dao ham y' = 2x trén khoang (co; +e0).
BAI TAP

1. Tinh dao ham cua mdi ham s sau tai diém da chira :
a) y=X°—3X tai Xo=2
b) y=x3+1 tai xo=-2

c)y:§ tal Xo=3

2. Viét phuong trinh tiép tuyén cia duong cong v = x°.
a) Tai diém (-1; -1);
b) Tai diém c6 hoanh do bang 2;
¢) Biét hé sb goc cua tiép ruyén bang 3.

3. Viét phuong trinh tiép tuyén cua duong congy = x3 + 1
a) Tai diém (-1; 0)
b) Tai diém c6 hoanh do xo = 2
c) Biét hé sb goc cua tiép tuyén bang 12

4. Viét phuong trinh tiép tuyén ctua dudng cong y =

d) Tai diem (-1; -2)
e) Tal diém c6 hoanh do xo =2
f) Biét hé so gbc cua tiep tuyen bang 8

x| N
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BAI 2. QUY TAC TINH PAO HAM

1. Pao ham ciia mét sé6 ham thwong giap

Pinh Ii 1
Ham sé y=x" (n € N,n>1) c6 dao ham tai moi x eR va
(x")’ = nx"!
DPao ham cua ham hing bang 0 : (C) =0
-Paohamcuahamsby=xbangl: (x)’=1 )
Pinh Ii 2

Ham sé y=+/x ¢6 dao ham tai moi x >0 va

1
(xy= 2+/x

2. Pao ham cia tong, hiéu, tich, thwong
Dinh Ii 3: Gia st u = u(x), v = v(x) la cac ham so c6 dao ham tai diem x thoc khoang

xac dinh.Ta ¢ :
/ ut+tvy=u+v \

u-vy=u-v

(uv)’ =uv+uv’
u

(—)F _WVU o) £ 0)
v V2

\_ )

Bang quy nap toan hoc ta ching minh duoc :

[(uliuzi—...iun) =u tu, f..tu }

Vi du 1: Tinh d¢ao ham cac ham sé :
a)y=x3+x2-x°

X° + X
b) y==—
Giai
a) Taco:(x®+x2-x% =(x% +(x?) — (x°)=3x?+ 2x — 5x*
b) Tacé:

32



-'rf-LY TU TROMNG

[xz —1] _ (=)' x/x — (X* =) (xv/x)’

X~/x (x~+/x)?
2 2 1
_ 2x2/x — (X2 —D)(@AVx + xm)
XS

2x2/x — x2/x — \/_ X +£

— 2 2
X3

X2/X +3/x
B 2x3
2. Hé qua:

1. (ku)'=ku (klahingsé)
2. (%)'_——(v v(x) = 0)

Vi du 2: Tim dao ham cua ham sb: y =
Giai
Y =) =5
50 (1 2x)) 5(- (—4x) - 20x22
(1-2x%)? 1-2x3)2"  (1-2%)

1-2x°

3. Pao ham caa ham heop
3.1. Ham hop:

Gia sir ham sé u = g(x) xac dinh trén khoang (a;b) va lay gia tri trén khoang
(c;d);
Ham s y = f(u) xéc dinh trén (c;d) va lay gié trj trén R. Khi do, ta 1ap mot ham s6 xéc
dinh trén khoang (a;b) va lay gia tri trén R theo quy tac :

x— f(9(x))

Ta goi y = f(g(x)) 1a ham hop cua ham y = f(u) véi ham u = g(x).

v

~
~
~
-~ -
~~~~~~
......
______
______
Y i i
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Vidu3: Himsé y = sin(2x + 3) lahamhopciahamsdy = f(u) = sinuva
ham séu = g(x) = 2x + 3

3.2. Pao ham caa ham hep ’

Pinh 1i 4. Néu hams6 u = g(x) c6 dao hamtaix lauxvahamsoy = f(u) co
dao ham tai u la y yuthi ham hop y = f(g(x)) c6 dao ham tai x la:

[ y’x = YU’-.U’X }

Vi du 4: Tim dao ham cia ham s6 y = sin(2x + 3 (xemu = 2x + 3)
Giai
Tacd: y = (sin(2x + 3)) = cos(2x + 3).(2x + 3)
= cos(2x + 3).2

=2 cos(2x + 3).
~ BAITAP
1. Tim dao ham cac ham sé sau:
a)y=x+1 y=+/3x—2

b) y=23x—32 f)y=vx*+2x+3
€) y=x"=2x+5 Y =+/3x* +3x+2

d) y=x*+2x*-3x+1
2. Cho ham s6 y = 2x3 — 3x? +5

a) Tim y'(-3) b) Timx dé y> 0
3. Tim dao ham cua cac ham sb sau day:
x—1 . 2x + 3 4
a)v = ; JF= ; cyy =——
R " )% 7 _3x )Y =13
4. Tim dao ham cua cac ham so6 sau:
2 2 2 _
) X“—Xx+1 b) X“+2X+3 0) x2+x 3
2x-3 X+ 2 X® —3x

5. Tinh dao ham cac ham sé sau:

a) y=@1+x)* b) y = (x* =3x+2)° y =(2x* = x+1)°
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BAI 3. PAO HAM CUA HAM SO LUQNG GIAC

1. Giéi han cia 2%
X
binh Ii 1:
~ sinx
lim—=1
=0 X
Vidu 1: Tinh
tanx
lim
r—=0 X
Giai: Ta co:
~ tanx . siny 1 . sinx 1
lim =lim{——. = lim Jdim =1
x=0 X x=0\ X COSX x=0 X x—=0COSX

2. Pao ham cia ham sé y = sinx

Pinh Ii 2
Ham s6 y = sinx c6 dao ham tai moi xeR va
(sinx)” = cosx
Chuy: ,
Neu u = u(x) thi [ (sinu)’ = u’.cosu ]
Vidu 2:

Tinh dao ham: (sin(x? + 1)) = (x? + 1) cos(x? + 1) = 2x.cos(x? + 1)

3. Pao ham ciia ham sé y = cosx
Pinh Ii 3

Ham s6 y = cosx c6 dao ham tai moi XeR va
(cosx)” = -sinx

Chuy:

Néu u = u(x) thi [ (cosu)’ = -u’.sinu ]

Vi du 3: Tinh dao ham:
(cos(3x))” = -(3x) .sin(3x) = -3.sin(3x).

4. Pao ham ciia ham sé y = tanx
Pinh I 4

Y A ) Y - - T .
Ham so y = tanx c6 dao ham tai moi x# P ki, keZ va

(tanx) =—=
cos’ X
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Cha y:

Néu u = u(x) thi [ (tanu) = u2 }
cos’u

2x+7)
Vi du 4: Tinh dao ham: (tan(2x+2)) = 3" _
0032(2x+%) cosz(x+%)

2

5. Pao ham ciia ham sb y = cotx
Pinh Ii 5

Ham sé y = cotx c6 dao ham tai moi x# km, keZ va
1

sin?

(cotx) =—

X

Cha y:

Néu u = u(x) thi [ (cotu) =— _u2 1
sin?u

(3x=7) 3

Vidu 5: Tinh dao ham :  (cot3x - %)) = — —=- —
sinZ(BX—Z) sinz(SX—Z)

BANG PAO HAM

(x") =nx"*
1, 1 u") =nu™
W RN
1 R
() =55 e
(sin X) =cosx ~oJx
(cosx) =-sinx (sinu) = u cosu
(tan x) = (cosu) =-u'sinu
 cos’ x | .
- (fanu) = —
(cotx) =~ nx Ccos u
(cotu) =— _u2
sin®u
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BAI TAP

1.Tim dao ham cac ham sé lwong giac sau

a) y =sin 2x b)y:cos(x+%j

c) a)y=tan(3x+%j d) a)y=00t(2x—%j

2.Tim dao ham cac ham sé lugng giac sau
a) y =sin 2x +cosx b) y = cos 2x —sinx
C) a) y =tan x+cos3x d) a) y = cotx—2sinx

3.Tim dao ham cac ham sé lugng gi4c sau :

. T T T
a) y =sin| 2x+— |+Cos| X—— b) y=tan| 2x+~—
pysnlpoffeeodxcf) 0 yoenfaeg)
c) y=sin®3x d)y:cosz(x+%j
e) y=sin®3x+cos’ (2x— 1) f)y:cosz(x+%)+sin2(2x—%j

4.Tim dao ham céc ham sé luong giac sau :

a) y =+/sin x+cosx b) y =+/cos X+ 2sinx
c)a)y=(tan x+cosx)2 d) a) y =(cotx x+sinx)3

5.Tim dao ham cac ham s6 luong giac sau

a)y = sin X+ CosX b)y = COS X —SinX
tan x sin 2x
. T T T . T
sm(x+3]+cos(x—4j cos(2x+3]+sm(3x—6j
c)a)y= dy=
)3y tan 2x )Y cot 3x
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BAI 4. VIPHAN

1. Pinh nghia: Cho ham sb f(x) xac dinh trén khoang (a;b) va c6 dao ham tai x
e(a;b).Gia s Ax 1a sb gia cua x.

Ta goi f'(x).Ax 12 vi phan cia ham sé 'y = f(x) tai X ttng véi sb gia AX.Ki
hiéu la df(x) hoac dy, nghia la :

[dy = df(x) = f(x).Ax }

Chuay:
Ap dung dinh nghia trén vao ham sé y = x
Taco: dx = (X).Ax = 1.AX =AX

Do d6, v6i ham sb y =f(x) ta co:

[dy = df(x) = f(x)dx }

Vi du 1: Tim vi phan ham sé sau:

a) y=x3+3x?-5x
b) y=cos’
Giai
a) y=x3+3x>-5x >y =3x>+6x-5
Vay: dy = (3x? + 6x — 5)dx

b) y=cos’x — Yy = -2sinX.cosx = sin(2x)
Vay: dy = sin(2x)dx.

2. Ung dung vi phan vao phép tinh gan ding
Theo dinh nghia ctia dao ham, ta cé

fll) = fim 3

Do d6 |Ax| da nhé thi

—‘? i ! = Ay & ! Ax

Ax f [xtl) J f (xn)

Tu do, tacod flaxg + Ax) — flx,) & f'(xy)Ax
Hay ta c6 cong thuc tinh gan dung don gian nhat.

fleg + 8x) & flxg) + f'(xg)Ax
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Vi du 2: Tinh gi4 tri gan ding cua v/3,99.
Giai: bat
1
) =vx=f)=—
f f e
Theo cong thic gan dung, véi x, = 4; Ax = —0,01 ta co

£(3,99) = f(4 —0,01) = f(4) + f'(4)(—0,01)
Tac 13: /3,99 =4 — 0,01 ~ 4 +;—,E. (—0,01) = 1,9975
J

, BAI TAP
. Tim vi phan caa cac ham so sau:
x+1
a) y=x*-2x+1 b) y=—=
)y * VY=
2. Timdy, biét:
a) y = tan?x
b) y=4x3-2x>+4
c) y = cos3x —sin2x
ON TAP CHUONG II

1. Tinh dao ham cua mdi ham sé sau tai diém da chi ra :
a) y=2x?>—-3X tai xo=1
b) y=x3+1 tai xo= -1
2. Viét phuong trinh tiép tuyén ciia dudng cong y = x2 +2x +1.
a) Tai diém co6 hoanh dd xo=1
b) Tai diém c6 tung d6 bang 0;
3. Tinh dao ham cac ham sé sau:

ay=x>+2x*-3x+1 b) b)y=x*-2x*+5

0)y = (2x+3)(x* -2x+4) c) y=(x*—-3%x+2)y/2x+3

4.Tim dao ham céc ham sé luong giac sau :

a)y:sin[3x+£j+cos(x—£j b) y=tan(2x+£)+cot(x—£)
3 4 4 6

39



-'rf-LY TU TROMNG

Chuong I: VECTO TRONG KHONG GIAN.
QUAN HE VUONG GOC TRONG KHONG GIAN

Muc tiéu:

Sau khi nghién ciru xong chwong nay, hoc sinh cé thé:

- Ndm duwoc cdc kién thire co ban vé vecto trong khong gian

Ndm dwge vi tri twong doi giva hai duwong thang trong khong gian, goc giita hai
duong thang, hai dwong thang vudng géc, dwong thang vudng géc mdt phang va mdt
phdng vudng géc véi mdt phang

- Trinh bay dwoc cdc dinh ly vé duong thang vuong goc duong thang, dwong thang
vudng géc dwong thang vudng géc mdt phang va mdt phdang vuéng géc mdt phdng.

- M6 ta duwoc va vé dwoc hinh hoc khong gian Cac dang todn vuéng goc duong,
vuéng goc mat...

- Ap dung va giai duoc cdc bai tap hinh hoc khong gian dwong thang vuong goc
dwong thang, vudbng goc mdt phang, va mdt phdang vudng goéc mdt phan.

BAI 1. VECTO TRONG KHONG GIAN
1. Pinh nghia va cac phép toan vé vec to trong khong gian

Cho doan thang AB trong khong gian. Néu ta chon diém dau 1a A, diém cudi 13 B ta
c6 mot vecto, duoc ki hiéu la AB.

1.1. Dinh nghia
Vecto trong khéng gian la mét doan thang c6 huéng. Ki hiéu AB chi vecto cé
diém dau A, diém cudi B. Vecto con dwoc ki hiéu la a,b, X, {/,

< ChUy: Cac khai niém lién quan dugc dinh nghia twong ty nhu trong mit phang.

Vi du 1: Cho hinh tir di¢n ABCD. Héy chi ra cdc vecto c6 diém dau la A va diem
cuoi 1a cac dinh con lai cta hinh tr dién. Cac vecto d6 c6 cung nam trong mat phang
khong ?

A

- D
Giai
Cac vec to cO diém dau la A va diém cudi la cic dinh con lai cua ti dién:
AB,AC,AD .
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Céc vecto trén khong ciing nam trong mat phang.

Vi du 2: Cho hinh hop ABCD.ABCD . Hiy ké tén cac vecto c6 diém dau va diém
cudi 1a cac dinh cua hinh hop va bang vecto AB.

1.2. Phép cong va phép trir vecto trong khong gian

Phep cong va phép trir vecto trong khong gian duge dinh nghia nhu trong mat
phang.

< Quy tic 3 diém:
AB+ BC = AC
% Quy tac tru: A
0A - 0B = BA
¢ Quy tac hinh binh hanh:
AB+AD = AC

(v

< Quy tic hinh hp:

AB+AD +AA' = AC'
Vi du 3: Cho i dién ABCD. Chirng minh: AC+BD =AD+BC.
Giai
Theo quy tac ba diém ta c6
AC=AD+DC
Do d6, AC+BD=AD+DC+BD
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= AD+(BD+DC)
= AD+BC
1.3. Phép nhin vecto v6i mot so
Trong khong gian, tich cua vecto a véi mot s k=0 1a vecto ka.
Cung huéng v6i @ néu k >0, nguoc huéng véi @ néu k< 0 va |ka =|K|Ja].
Vi du 4: Cho to dién ABCD. Goi M, N lan luot la trung diém cua cac canh AD, BC,
va G la trong tam cua tam giac BCD. Ching minh rang: A

) W:%(ATB+D—C) b) AB+AC+AD =3AG

a) Taco MN = MA+AB+BN va MN =MD +DC+CN
Do dé: 2MN = MA + MD +AB+DC+ BN +CN

ViM la trung diém ctia doan AD nén
MA+MD=0 vd BN+CN =0.

Vay: Wz%(?&tﬁ) B Lozrmmmmmm s e

b) Taco N
AB=AG+GB ,
AC=AG +GC, C
AD = AG +GD.
= AB+AC +AD =3AG +GB+GC+GD
Vi G 1a trong tdm cua tam giac BCD nén GB+GC+GD =0.
Do d6 ta suy ra AB+AC+AD =3AG
2. Piéu kién déng ph%ng ciia ba vecto
2.1.Khai niém vé sw dong phang cua ba vecto trong khong gian
Cho a,b,c=0. Tir mot diém O bat ki vé OA=a, OB b,0C=c.
Néu cac duong thang OA, OB, OC khong cung nam trong mot mat phang, khi do ta
noi rang ba vecto a,b,c khéng dong phang.
\
O\ a
\ b
C XC
Néu cac duong thang OA, OB, OC cing nam trong mot mit phang, khi d6 ta noi rang
ba vecto a,b,c dong phang.
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Vi du 5: Cho hinh hdp ABCD.EFGH. Hay chi ra by ba cac vecto dong phang ?

Hudng dan: AB.AD.EG e
Cha y: Viéc xac dinh su dong phang hay khong dong phang cia ba vecto khong phu

thudc vao vi tri diém O.
2.2. Pinh nghia
Trong khong gian ba vecto dugc goi la dong phang néu cac gia cuia chung cung song

song v&i mot phang.
a \
C

Vi du 6: Cho tu dién ABCD. Goi M va N lan lu’og l\trung diém ciia AB va CD.
Chting minh rang ba vecto BC, AD, MN dong phang.

Giai

Goi P va Q lan luot 1a trung diém ctia AC
a BD. Ta c6 PN song song v61 MQ va PN =MQ = = AD
Vay ttr giac MPNQ 1a hinh binh hanh. Mit phang (MNPQ) chtra dudng thang MN va

sdng song v6i cac duong thang AD va BC
— Ba duong thing MN, AD, BC cung song song voi mot mit phang. Do dé ba vecto

BC, MN, AD dong phang.
2.3. Piéu kién dé ba vecto dong phing
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Pinh li 1: Trong khong gian cho hai vecto a,bkhong cing phuong va vecto ¢ . Khi
do ba vecto a,b,cdong phang <31 m,neR:c=ma+nb.
Nhén xét: Néu ma+nb+pc=0 va mot trong 3 s6 m,n,p=0thi a,b,cdong phing.
Vi du 7: Cho tir dién ABCD. Goi M va N lan luot 1a trung diém cua AB va CD. Trén
cac canh AD va BC lan luot 1ay cac diém P va Q sao cho AP = %E va BQ zéﬁ :
Chung minh r?mg bon diém M, N, P, Q cung thudc mot mat phéng.
Giai

Tac6: MN=MA+AD+DN vd MN =MB+BC+CN

Do do, 2MN = AD + BC hay MN = (A +BC) (1)

Mt khac, vi ﬁng—D nén m:g@,

BO=2BC nén BC=-B0.

ooll\J
N

Do d6 tir (1) ta suy ra: MN = g(AP+BQ) i(m+W+W+WQ).

MN =

J>|oo r\’l'—‘

(MP+MQ) vi AM +BM =0.

Hé thirc W=%W+%WQ chtng t6 ba vecto MP,MN,MQ dong phang nén bdn
diém M, N, P, Q cung thudéc mot mat phalmg

Pinh li 2: Trong khong gian cho ba vecto khong dong phang a,b,c. Khi d6 voi moi
vecto x ta déu tim dugc bd ba s6 m, n, p sao cho X =ma+nb+pc.

Vi du 8: Cho hinh hop ABCD.EFGH c¢6 AB=a,AD=b,AE =c. Goi I 1a trung diém

cua doan BG. Hay biéu thi vecto Al qua ba vecto a,b,c.
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Giai
Vil la trung diém cta doan BG nén ta c6 Al = %(@+E)
trong d6 AG =%(fB+ﬁ+E)=§+B+E :

Viy Al=2(a+a+b+c). Suyra Al =a+=b+c.
2 2 2

BAI TAP
1/ Cho tér dién ABCD.

a) Ching minh rang: AC+BD =AD+BC
b) Goi M, N lan luot la trung diém cua AB, CD. G la trong tam tir dién.

Chang minh raing GA+GB+GC+GD =0

¢)  Chung minh rang véi moi diém M ta déu c6: MA+MB+MC+MD =4.MG .
2/ Cho hinh hp ABCD.ABCD . Chting minh rang:
a) AB+BB +DD =AC ;
b) BD-DD-BD =BB;
c) AC+BA +DB+CD=0.
3/ Cho hinh binh hanh ABCD. Goi S la mot diém nam ngoai mat phang chaa hinh
binh hanh.

Chang minh rang: SA+SC =SB +SD.
4/ Cho hinh ti dién ABCD. Goi M va N lan luot 13 trung diém ciia AB va CD. Chiing

minh rang:
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a) MN=%(E+@); b) W=%(E+ﬁ);

5/ Cho hinh tt dién ABCD. Hay xéc dinh hai diém E, F sao cho:

a) AE=AB+AC+AD;
b) AF=AB+AC-AD;
6/ Cho hinh ti dién ABCD. Goi G la trong tdm cua tam giac ABC. Ching minh rang:
DA + DB +DC =3DG.
7/ Goi M va N lan luot 13 trung diém cta cac canh AC va BD cua ti dién ABCD. Goi

I 1a trung diém cua doan thang MN va P 1a mot diem bat ki trong khang gian.Ching
minh rang:

a) IA+IB+IC+ID=0 b) ﬁ:%(ﬁ+ﬁ3+ﬁ:+ﬁ

S—

8/ Cho hinh ling tru tam giac ABCDABCD c6 AA =a,AB=Db,AC=c.

Hay phan tich (hay biéu thi) cac vecto BC,BC qua cac vecto a,b,c.

9/ Cho hinh hop ABCDEFGH. Goi K 1a giao diém cua AH va DE, I 1a giao diém cua
BH va DF. Ching minh ba vecto AC,KI,FG dong phang.
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BAI 2. HAI PUONG THANG VUONG GOC

1. Tich v6 hwéng ciaa hai vecto trong khéng gian
1.1. GOc gitra hai vecto trong khong gian

Pinh nghia: Trong khong gian cho u,v=0. Lay mot diém A bat ki, goi B va C la
hai diém sao cho AB=u,AC=v. Khi do: (ﬁ,\?): BAC .

Chay: 0 (6,0)31800.

C |

I
I

Vi du 1: Cho tir dién déu ABCD c¢6 H 14 trung diém cia Canh AB. Hay tinh goc gitia
cac cap vecto sau day:

a) AB va BC b) CHva AC

Giai
a) (AB,BC)=B'BC =120°

a)  (CH,AC)=HCC =150

2. Tich v6 hwéng cia hai vecto trong khong gian
Pinh nghia: Cho u,v = 0. Tich v6 huéng cua hai vecto u va v 1a mot s, ki hiéu u.v,
duogc xac dinh boi cong thuec:

i.v =il.|v].cos(d, V)

Qui wéc: i=0 hogc v=0 thi: i.v=0
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Nhan xét

il = a2

cos(ﬁ,\?)z

=1
<

=

[

ulveuv=s

Vi du 2: Cho tar dién OABC c6 cdc canh OA, OB, OC d6i mot vubng goc va OA
=OB =0OC =1. Goi M 1a trung diém cua canh AB. Tinh géc giita hai vecto OM va
BC.

Giai

Ta co: cos(w,ﬁ)— OMBC _ OMBC

“ovifed " 2,

Mt khac: OM.BC = = (OA + OB .(OC - OB)
2

- %(m.o—c_m.@m—sm_o—sz).

Vi OA, OB, OC d6i mét vudng goc va OB = 1 nén

OA.OC=0AOB=0BOC=0va OB =1.
) AR B~ _1 A ARA D 0
Do do: cos(OM,BC):?.Vay (OM,BC)=120 .
Vi du 3: Cho hinh I3p phuong ABCD.ABCD .

a) Hay phan tich cac vecto AC va BD theo ba vecto AB, AD, AA’
b) Tinh cos(ﬁ,ﬁ)') va tir d6 suy ra AC va BD vudng goc véi nhau.

o
|
, | ,
B'(———C
| 7
Ari--4-2)D
/ /‘
/-
B C
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2. Vecto chi phwong ciia dwong thing
2.1 Pinh nghia: Vecto a=0 duoc goi 13 vecto chi phuong cua dudng thang d néu
gia cua vecto a song song hoic tring véi dudng thang d. -

a
a) N&u a 1a VTCP ciia duong thing d thi vecto ka Vi d

k=0 ciing la VTCP cua d.
b) Mot duong thang d trong khong gian hoan toan duoc xac dinh néu biét diém A
thuoc
d va mot vecto chi phuong a cua no. 7
Hai duong thang song song véi nhau khi va chi khi ching la hai duong thang phén
biét va c6 hai vecto chi phuong cung phuong.

3. GAc giira hai dwdng thiang

3.1 Pinh nghia: Gdc gitta hai duong thang a va b trong khong gian 1a goc gitra hai

duong thang a'va b’ cung di qua mot diém va lan luot song song véi a va b. Ki hiéu:
(a,b).

Chay: 0° < (a,b) <90°

3.2. Nhan xét

a) Dé xac dinh géc giita hai duong thang a va b ta ¢d thé lay diém O thugc mét trong hai
duong d6 roi vé mot duong thang qua O va song song véi duong thang con lai.
b) Néuacéd VTCP la u vabcd VTCP Ia v thi
(a.b)=1% néu 0° < o <90°
a.0)= 0 < on0 0
180" —anéu 90° < <180

b

., |a
c) Néu thi ,b)=0°
) Né L , i @b)

Vi du 4: Cho hinh chép S.ABCD c6 SA = SB =SC =AB =AC = ava BC =a+/?2.
Tinh (AB,SC)="?

Giai
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Ta c6: cos(SC, E):W

(SA+AC) AB

a.a

SAAB+ACAB

a‘2

cos(SC, AB)=
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Vi CB?=(av2)’=a’+a’=AC?+AB?> nén ACAB=0. Tam giac SAB déu nén

(SA, AB) =120°

2

va do do STA.@:a.a.coslzooz%. Vay
(SC, AB) =120°.

Suy ra (AB,SC) =180° —120° = 60°,

_a2

cos(SC, AB)=—2 =_71. Do d6

a

Vi du 5: Cho hinh lap phuong ABCD.ABCD . Tinh gdc giira cac cap duong thang

sau day:
a) ABva BC b) ACva BC c) AC va BC

B C
4. Hai dwong thang vuéng goc i 7
4.1. Dinh nghia: A i D (a,b) =90°
4.2. Nhan xét P
a)albeii=0 VA

Ak
b)al//b,c.La=c_Lb

) a_Lb = a, b cat nhau hodc chéo nhau.

Vi du 6: Cho t dién ABCD c6 AB_LACva AB L BD. Goi P va Q lan luot 14 trung
diém cua AB va CD. Chirng minh rang AB L PQ.

Giai

Taco: PQ=PA+AC+CQ va PQ=PB+BD+DQ

Do d6 2PQ =AC+BD.
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Vay 2PQ.AB = (E+ﬁ).ﬁ
= ACAB+BD.AB=0 hay AB_LPQ.
BAI TAP
1/ Cho hinh Iap phuong ABCD.EFGH. Hay xac dinh goc gitra cac cap vecto sau day:
a) AB va EG; b) AF va EG; c) AB va DH.
2/ Cho tr dién ABCD.

a) Chung minh ring AB.CD+AC.DB+AD.BC=0.
b) Tur dang thac trén hdy suy ra rang neu tir dién ABCD cdé AB L CD va
AC 1 DBthi AD 1 BC.

3/ Trong khong gian cho hai tam giac déu ABC va ABC' c6 chung canh AB va nam
trong hai mat phang khac nhau. Goi M, N, P, Q lan luot la trung diém ctia cac canh
AC, CB, BC', C'A. Chang minh rang:

a) ABLCC;
b) Tur giac MNPQ la hinh chir nhat.
4/ Cho hinh chop tam gidc S.ABC c6 SA =SB = SC vacd ASB=BSC=CSA.

Chtng minh rang SA L BC,SB L AC,SC L AB.

5/ Trong khong gian cho hai hinh vuéng ABCD va ABC D' ¢6 chung canh AB va
nam trong hai mat phang khac nhau, lan Iuot ¢6 tam O va O . Chting minh rang
AB | OO va ttr giac CDD C la hinh chix nhat.

6/ Cho tur dién ABCD c6 AB = AC = AD va BAC = BAD =60°. Chirng minh rang:

a) ABLCD
b) Neéu M, N lan luot 1a trung diém cua AB va CD thi MN L AB va MN L CD.

7/ Cho S la dién tich cua tam giac ABC. Chang minh rang:

S= %JA—BWf —(ABAC)’
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BAI 3. PUONG THANG VUONG GOC VOI MAT PHANG
1. Pinh nghia
Puong thang d dugc goi 12 vudng goc véi mat phang (o) néu d vudng goc voi moi
duong thang a nam trong mat phang (o ).

Ki hiéu: d L (o). Hinh vé minh hoa:

P

2. Biéu kign dé dwong thang vudng géc véi mit phang
2.1. Pinh li: Néu mot duong thang vudng goc voi hai duong thang cat nhau cling
thudc mot mat phang thi né vudng goc véi mit phang ay. Tac 1a:

dla

ac(a)

dlb =dLl(a)
bc(a)

acatb

2.2. Hé qua: Néu mot duong thang vudng gdc vai hai canh ciia mot tam giac thi né
cling vuong goc vai canh thir ba ctia tam giac do.

3. Tinh chat:
3.1. Tinh chat 1: C6 duy nhat mot mat phang di qua mot diém cho truéc va vudng
goc véi mot duong thang cho trudc.

3.2. Mat phang trung trwc: Mit phang trung truc cia doan thang la mat phing di
qua trung diém ctia mot doan thang va vudng goc véi doan thang do.

3.3. Tinh chat 2: Co duy nhat mot duong thang di qua mot diém cho trudc va vudng
goc véi mot mat phang cho trudc.

4.Lién h¢ gitra quan h¢ song song va quan h¢ vudng goc cia dudng thing va
mat phang.
4.1. Tinh chat 1:

a) Cho hai dwong thang song song. Mat phang nao vudng goc véi duong thang nay
thi cling vudng goc véi duong thang kia.
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b) Hai dudng thiang phan biét cuing vudng gdc véi mot mit phang thi song song voi
nhau.

4.2. Tinh chat 2:

a) Cho hai m3t phang song song. Buong thang nao vudng goc véi mat phang nay thi
cling vuong goc véi mat phang kia.

b) Hai mat phang phan biét ciing vudng gdc voi mot duong thang thi song song Vi
nhau.

4.3. Tinh chét 3:

a) Cho duong thang a va mat phang (o) song song Vvéi nhau. Puong thang nao
vudng goc véi (a) thi cling vuéng gbc vai a.

b) Néu mot duong thang va mot mat phang (khdng chira duong thing do) cing
vudng gbc véi mot duong thang khac thi ching song song véi nhau.

5. Phép chiéu vudng géc va dinh li ba dwong vudng goc.

5.1. Phép chiéu vudng goc

Phép chiéu song song theo phuong d vudng goc véi (o ) goi 1a phép chiéu vubng goc
trén mat phang (o).

\A

R

5.2. Pinh li ba dwong vubng goc

Cho duong thang a nam trong mat phing (o ) va b 1a duong thang khong thudc (o) va
khong vudng goc véi (o). Goi b’ 1a hinh chiéu vudng goc caa b trén (o). Khi d6 alb

& alb’.
—— h
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5. 3. GOc gitra dwong thang va mit phang

Pinh nghia: Cho duong thing d va mit phang (o). Goc gitta d va hinh chiéu d’ cua
no trén (o) 1a goc gitra d va (o). Néu goc ndy bang 90° thi d_L(a).

Cha y: Néu o 1a goc giira duong thang d va mit phang (o) thi 0° < ¢ < 90°.

6. Cac dang toan thwong gap
Dangl: Chirng minh dwdng thang vudng géc véi mat phang

Phwong phdp chieng minh dwong thang d vudng géc véi mat phang (P):
- Chirng minh dudng thang d vudng goc véi hai duong thiang cit nhau nam trong (P).
d_lLa
dLlLb
a,bc (P)
amb=1I

—d L (P)

- Ching minh dudng thang d song song véi duong thang b ma duong thang b vudng
goc vai (P).

d//b

bJ_(P)}:d 1 (P)

- Chirng minh duong thang d vudng goc vai (Q) ma (P) // (Q).

(P)/1(Q)

d 1 (Q) }:>d 1 (P)

Dang 2: Chirng minh dwdng thang a vudng géc véi dwong thang b (co thé sir
dung hai phuwong phap sau).

Phuong phapl:
- Tim mit phang (P) chira duong thang a sao cho viéc chang minh b_L(P) dé& dang.

ac (P)

b1 (P) —bla

- Stir dung dinh li ba duwong vudng goc.
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a khong vuong géc véi (P), b = (P), a’ Ia hinh chiéu ciia a trén (P). Khi dé,
bla<sbla’

Dang 3: Tinh géc giira dwdong thang va mit phing.
Cdch tinh géc gika dwong thidng a va mat phang (P)
+ Xac dinh hinh chiéu cua a Ién mat phang (P).

+ Goc gilra duong thang a va mit phang (P) bang goc giita duong thang a va hinh
chiéu cua duong thang a I1én mat phang (P).

*Goc gitra duong thang va mat phang khdng qua 90°.

7. Bai Tap ap dung

Bai tAp 1: Cho hinh chép S.ABC c6 day la tam giac déu ABC canh a, canh bén
SAzﬁ vudng goéc vai mat phang (ABC). Goi H la trung diém BC.

a)Chirng minh: BC L (SAH).

b)Chtng minh: BC L SH.
¢)Tinh goc gitta duong thang SH va mat phang (ABC).

a) Ta co:
SA 1 (ABC)

1
BC c (ABC) —=SA 1 BC (1)

Tam giac ABC déu c6 H la trung diém BC nén AH vira la duong trung tuyén vira la
duongcao = AH L BC (2)

SANAH={A}

3
SA, AH c (SAH)
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Tu (1), (2), (3) taco: BC L (SAH)
b) Taco BC L (SAH)=BC 1L SH
c) Taco:

SA L (ABC)

AH < (ABC) (= SA LAH

— AH la hinh chiéu cua SH 18n mit phang (ABC)

— Goc giira SH va mit phang (ABC) la goc giita SH va AH bing goc SHA .
Mac khac ASAH vuéng tai A do SA L AH nén

a3
SA 2
BNSHA=H ~ a3 = SHA=45°.
2

Vay goc gitra SH va mat phang (ABC) bang 45°.
Bai tap 2: Cho hinh chép S.ABCD cé day ABCD Ia hinh vudng va SD L (ABCD) .

a) Chuang minh AB L (SAD).
b)Goi M la trung diém BC, N la trung diém cta AD. Chuang minh: MN L (SAD)
Giai
a) Ta co:
SD 1 (ABCD)

— SD L AB
AB — (ABCD)

AB 1 AD (do ABCD la hinh vudng)

SD, DA — (SAD)

mac khac { SDADA={D}

Vay AB L (SAD).

b) Vi MN//AB L (SAD) = MN L (SAD).
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Bai tap 3: Cho S.ABC c0 cac tam gidc SAB, SAC vuong tai A; tam giac ABC vuong

tai B. Chang minh: s

a) SA L (ABC).
b) BC L (SAB).

Giai: (Hs tu giai)

BAI TAP B

1/ Cho hinh chép S.ABC ¢ ddy la tam giac ABC vudng tai B va cd canh SA vudng
goc vai mat phang (ABC).

a) Chang minh BC L (SAB).
b) Goi AH la duong cao cua tam giac SAB. Chang minh AH 1L SC.

2/ Cho tir dién ABCD c6 hai mat ABC va BCD la hai tam giac can c6 chung canh day
BC. Goi I 1a trung diém cua canh BC.

a) Chimg minh ring BC vudng goc véi mat phang (ADI).
b) Goi AH la duong cao cua tam giac ADI, chung minh rang AH vudng goc voi
mat phang (BCD).

3/ Cho hinh chop S.ABCD c6 ddy la hinh thoi ABCD va c6 SA= SB =SC = SD. Goli
O la giao diém cua AC va BD. Chuing minh rang:

a) DBuong thang SO vudng goéc véi mat phang (ABCD); 7
b) Duong thang AC vudng goc véi mét phang (SBD) va duong thang BD vudng
goc vai mat phang (SAC).

4/ Cho tr dién OABC c6 ba canh OA, OB, OC d6i mot vuodng géc. Goi H la chan
duong vudng géc ha tir O téi mat phang (ABC). Chitng minh rang:

a) H latryc tdm cua tam giac ABC;
1 1 1 1
b = + + :
) OH®* OA’ OB’* 0C’

5/ Cho hinh chop S.ABCD c¢6 ddy la hinh thoi ABCD va c6 canh SA vudng goc voi
mat phang (ABCD). Goi I va K 1a hai diém lan luot lay trén hai canh SB va SD

sao cho St_SK Chung minh:
SB SD
a) BDLSC;
b) IK _L(SAC).

o7



BAI 4. HAl MAT PHANG VUONG GOC
1. Géc giira hai mit phang

1.1. DPinh nghia: Géc gitra hai mét phang la géc gitra hai dwong thang lan luot vudng
goc vaéi hai mat phang do.

\B

1.2. Cach xac dinh goc gitra hai mat phiang cit nhau.

Xét hai mat phang («) va (4)cét nhau theo giao tuyén c.

Tur mot diém | bat ky trén ¢, trong mat phang («) dung duong thang m L cva dung

trong (4)duong thang n Lc.

Géc giita hai mat phang () va () 1a gdc giita hai dwong thang m va n.

b

1.3. Dién tich hinh chiéu cia mdt da giac.

Cho da giac H nam trong mit phang (o) c6 dién tich S va H’ 1a hinh chiéu vudng goc
cua H trén mat phang (B). Khi d6 dién tich S’ ctia H’ duoc tinh theo cong thuc sau
S’ =S8. cos ¢ (¢ la goc gitra (o) va (B) ).
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2. Hai mat phang vuéng goc
2.1. Pinh nghia: Hai mat phang goi la vudng géc vai nhau néu goc gitra hai mat
phang d6 1a goc vuodng. Ki hiéu: (o) L (B).

2.2. Cac dinh li

2.2.1.Dinh Ii 1: Diéu kién can va da dé hai mat phang vuong géc véi nhau la mat
phang nay chira mot duong thang vudng gdc voi mat phang kia.

dc(e)
{M(m@(a)i(ﬂ)

Hé qua 1: Néu hai mat phang vudng goc véi nhau thi bat ci duong thang nao nam
trong mat phang nay va vuéng goc vai giao tuyéen thi vudng goc véi mat phang kia.

Hé qua 2: Cho hai mat phang (o) va (B) vudng goc véi nhau. Néu tir mot diém thuoc
mit phang (o) ta dung mot dudng thang vudng goc voi mat phang (B) thi dudng
thang nay nam trong mit phang (o).

2.2.2. Pinh Ii 2: Néu hai mit phang cat nhau va cting vudng goc véi mot mit phang
thi giao tuyén cta ching vuéng goc véi mat phang do.

3. Hinh lang tru ding, hinh hgp chi¥ nhat, hinh lap phwong
3.1. Dinh nghia: Hinh lang try ding la hinh ldng tru c6 cac canh bén vudng géc véi
cac mat day. Do dai canh bén dugc goi la chiéu cao cua hinh lang tru dang.

+ Hinh lang try dtng c6 day 1a da giac déu goi 14 hinh ling tru déu.
+ Hinh lang tru ding c6 day 1a hinh binh hanh goi la hinh hop.
+ Hinh lang tru ding c6 day 1a hinh chir nhat goi 1a hinh hop chir nhat.

+ Hinh lang tru dirng c6 day 1a hinh vuéng goi la hinh lap phuong.
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3.2. Nhan xét: Cac mat bén cua hinh lang tru ding luén vudng goc véi mat phang
day va la nhitng hinh chir nhat.

4. Hinh chép déu va hinh chép cut déu
4.1. Hinh chép déu

Hinh chop c6 day 1a mot da giac déu va chan dudng cao tring véi tdm cua da giac

day duoc goi 1a hinh chép déu.

+ Hinh chép déu c6 cac mat bén 13 nhirng tam gi4c can bang nhau, cac mat bén tao
véi mat day cac goc bang nhau.

+ Cé4c mit bén déu tao véi mat dd,y cac goc bang nhau.

S

4.2. Hinh chép cut déu

Phan cta hinh chop déu nam giita day va maot thiét dién song song véi day cat céc
canh bén cta hinh chop déu duoc goi la hinh chop cut déu.
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5. Bai Tap ap dung:
Bai tap 1: Cho S.ABC c0 cac tam giac SAB, SAC vuong tai A; tam giac ABC vuong
tai B. Chang minh:

a) (SAC) L (ABC)
b) (SBC) L (SAB)
¢) (SAB) L (ABC)
Giai:

) {SA 1 (ABC)
a) Ta co: = (SAC) L (ABC).
SAc (SAC)

{BC 1 (SAB) AN <
b) Ta co: = (SBC) L (SAB).
BC < (SBC)

) {SA 1 (ABC)
c)Taco: = (SAB) L (ABC).
SA c (SAB)

a3

Bai tap 2: Cho hinh chop S.ABC c¢6 day la tam giac déu ABC canh a. SA:T va
SA vudng goc véi mat phang (ABC) tai A. Goi H la trung diém BC.

a) Chirng minh: (SAH) L (ABC).

b) Chirng minh: (SAH) L (SBC).

¢) Tinh goc gitra mat phang (SBC) va mat phang (ABC).

a) Taco: SA L (ABC) = (SAH) L (ABC) s

b) Taco: {BC L (AH) = (SBC) L (SAH).
BC < (SBC)

c)qu dung cach xac dinh goc gitra hai mat
phang, ta co: Goc gitra hai mat phang (SBC) va

mat phang (ABC) la: SHA.

A
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Maic khac ASAH vuéng tai A do SA L AH nén

av/3
SA 2
BNSHA=H “ a3 = SHA=45°.
2

Vay goc gitra SH va mat phiang (ABC) bang 45°.
BAI TAP

1 Trong mat phang (o) cho tam giac ABC vuéng goc & B. Mot doan thang AD vudng
goc véi (@) tai A. Chirtng minh rang:

a) ABC 1a goc giita hai mit phang (ABC) va (DBC);
b)Mat phang (ADB) vudng goc véi mat phang (BCD).

2 Cho hinh lap phuong ABCD.ABCD . Ching minh rang:

a) Mat phang (ABC'D)vuéng goc véi mit phiang (BCDA');
b)Puong thing AC vudng goc véi mat phiang (A BD).

3. Cho hinh chép S.ABCD c6 day ABCD la mot hinh thoi canh a
va c6 SA = SB = =SC = a. Chang minh rang:

a) Mat phang (ABCD) vudng goc véi mat phang (SBD);
b) Tam giac SBD la tam giac vuong.

4.Cho hinh chép tam giac déu S.ABC c6 SH 1a duong cao. Chizng minh SA L BC
va SB L AC.

5.Cho hinh chép tir giac déu S.ABCD c6 cé&c canh bén va cac canh day déu bang a.
Goi O la tdm cua hinh vudng ABCD.

a)Tinh do dai doan thang SO.

b)Goi M I trung diém ciia doan SC. Chizng minh hai mat phang (MBD) va (SAC)
vudng goc véi nhau.

¢)Tinh d6 dai doan OM va tinh gdc giira hai mat phang (MBD) va (ABCD).

62



"F'—-LY TU TROMNG

BAI 5. KHOANG CACH

1. Khoang cach tir mét diém dén mét dwong thang, mét mit phang
1.1. Khoang cach tir mgt diem den mot dwong thang

Cho diém O va duong thang a. Trong mit phang (O, a) goi H 1a hinh chiéu
vudng goc caa O trén a. Khi d6 khoang cach OH duoc goi la khoang cach tir O dén

dwong thing a. Ki hiéu d(O, a).
N
0 H

1. 2. Khoang cach tir mét diém dén mét mat phang

Cho O va mat phing (o). Goi H Ia hinh chiéu vudng goc cia O trén mp (a.) .
Khi d6 khoang cach OH duoc goi 1a khoang cach tir diém O dén mit phiang (a).
Ki hiéu d(O, ().

Vi du 1: Cho hinh chép SABCD c¢6 day ABC la tam giac vudng tai B, SA L (ABC).
Gia sir AB = a, AC = a2, SA =a. Tinh khoang cach tr A dén mat phing (SBC).

e

B

S

2. Khoiing cach giita dwdng thang va mat phiang song song, khoing céch giira
hai mat phang song song.

2.1. Khoang céch giira dwdng thang va mat phang song song
Pinh nghia: Cho a// (o). Khoang cach gitra a va mp(a) la khoang cach tir mot

didm bat ki caa a dén (o). Ki hiéu d(a, (o).
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Vi du 2: Cho hinh lang tru dtng ABCDABCD c6 AA =a. Day ABC la tam giac
vudng tai A c6 BC = 2a, AB = a+/3. Tinh khoang cach gitta AA'VA (BCCB).

2.2. Khoang céch giira hai mat phang song song

Pinh nghia: Khoang cach giira hai mat phang (a), (B) song song l1a khoang céach tur
mot diém bat ki cia mat phang nay dén mat phing kia.

Ki hiéu khoang céch giita hai mat phang () va () song song véi nhau la

d((a),(8))

3. Pwong vudng goc chung va khoang céch giira hai dwong thang chéo nhau
3.1. Pinh nghia
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a) Puong thang Acit hai duong thang chéo nhau a, b va cung vudng goc voi mdi
duong thang ay duoc goi la dirong vudng goc chung cua a va b.

b) Néu dudng vudng goc chung A cit hai duong thang chéo nhau a, b 1an luot tai M,
N thi d6 dai doan MN goi 1a khodng cach giita hai dwong thang chéo nhau a va b.

a}j/

b

— N,
—

Vi du 3: Cho tir dién déu ABCD, goi M, N lan luot 1a trung diém cia canh BC va
AD. Chtng minh rang MN L BC vda MN L AD.

3.2. Cach tim dwong vudng goc chung ciaa hai dwong thang chéo nhau

Cho hai duong thang chéo nhau a va b. Goi (B) 1a mat phang chaa b va song song

Véi a, (o) 1a hinh chiéu vudng goc cua a trén m(B).

Viall(B)ynéna/l a. Do dd bra =N. Goi mp (o) la mit phang chtaava a’, A la

duong thang qua N va vuéng goc véi (B). Khi dé (o) =(a,a) vudng goc (B).

Nhu vay A nam trong(c;) nén cit a tai M va cit tai b tai N, dong thoi A cuing vudng
goc vaoicaavab. Vay A la duong vudng goc chung cua ava b.
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3.3. Nhan xét

a) Khoang cach gitra hai duong thang chéo nhau bang khoang céch tir mot diém trén
duong thang nay dén mat phang song song véi né va chira duong thang kia.

b) Khoang céch gitta hai duong thang chéo nhau bang khoang cach gitra hai mat
phang song song lan luot chira hai duong thang do.

%Mj/

\—l
/ﬁ(b N S

4. Bai tap ap dung
Bai tap 1: Cho hinh chop S.ABCD c6 day ABCD la hgnh vuong canh a;
SA_L mp(ABCD)Vva SA=a+/2 .

a) Tinh khoang céch tir C dén mp(SAB).

b) Tinh khoang cach tir A dén mp(SBD).

¢) Tinh khoang céch tir CD dén mp(SAB).

d) Tinh khoang cach tir BC dén mp(SAD).

e) Tinh khoang céch gitta BC dén SA.

f) Tinh khoang céach giita BD dén SC.
Giai

a) Taco CB L (SAB) tai B. Khoang cach tir C dén (SAB) la: CB = a. B
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BD 1L (SAO)
b) Taco

BD < (SBD)
goc véi SO tai I Khi d6: Khoang cach tir A dén (SBD) la AL Khi d6:

1 _1 + 1 _1 +£—i:>Al—a\/Z
Al> AS* AO® 2a*> a’® 2a° 5
¢) Taco: CD//(SAB). Do d6, khoang cach tir CD dén (SAB) la khoang cach tir C dén
(SAB) va bang CB = a.

= (SBD) L (SAQ) theo giao tuyén SO. Tir A ké Al vudng

d) Ta co: BC//(SAD). Do d6, khoang cach tir BC dén (SAD) la khoang cach tir B dén
(SAD) va bang AB = a.

e) Ta co6: AB la doan vudng goc chung gitra BC va SA. Do d6, khoang cach gitta BC
va SAla AB =a.

f) Ta co: (SAC) chira SC va vudng goc vai BD tai O. Tir O ké OH L SC tai H. Khi @6,

OH la doan vudng goc chung cua SC va BD. Goi AJ la duong cao cua tam giac SAC,

khido: oH=2a3. vi-t -1, 1t 1 1 _1  aj_avayon-1la.
2 Al AS® AC” 2a° 2a° a 2

Bai tap 2: Cho hinh chop S.ABCD c¢6 day ABCD la hinh vuéng canh a, canh SA L
(ABCD) va SA = a. Xac dinh va tinh d¢ dai doan vudng goc chung gitra cac cap
duong thang sau: S

a) SB va CD.
b) SC va BD.

c) SB va AD.

Giai: (HS tu giai)

BAI TAP

1. Cho tt dién S.ABCD c6 SA vudng goc vai mp (ABC). Goi H, K lan luot 14 trec
tam cua cac tam giac ABC va SBC.

a) Chirng minh ba duong thang AH, SK, BC dong quy.

b) Ching minh rang SC vuéng goc véi mat phang (BHK) va HK vudng goc véi mat
phang (SBC).

Xac dinh duong vudng goc chung cia BC va SA.
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2. Cho hinh lap phuong ABCDABCD' canh a. Chirng minh rang cac khoang cach tir
cac diém B, C, D, A,B,D dén duong chéo AC déu bang nhau. Tinh khoang cach
do.

3. Cho hinh hop chit nhdt ABCDABCD c6 AB =a, BC =b, CC =c.

a)Tinh khoang cach tir B dén mit phang (ACC'A').
b)Tinh khoang céch giira hai duong thang BB va AC .

4/ Cho hinh lap phuwong ABCDABCD

a)Chirng minh rang BD vudng goc véi mat phang (BA'C)
b)Tinh khoang céch gitta hai mat phang (BA'C') va (ACD)).
¢)Tinh khoang cach giira hai dwong thang BC va CD'.

5/ Chang minh rang néu dudng thiang ndi trung diém hai canh AB va CD cua tt dién
ABCD la duong vuéng goc chung cia AB va CD thi AC = BD va AD = BC.

6/ Cho hinh chép tam giac déu S.ABC c6 canh ddy bang 3a, canh bén bing 2a. Tinh
khoang cach tur S téi mat day (ABC).
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BAI TAP ON CHUONG 1
1/ Hinh chép S.ABCD c6 ddy 1a hinh thoi ABCD canh a va c6 goc BAD= 60°.

Goi O 1a giao diém ciia AC va BD. Puong thang SO vudng goc voi mit phang
(ABCD) va

SO = %a . Goi E Ia trung diém cta doan BC, F 1a trung diém cua doan BE.

a) Chtrng minh mit phang (SOF) vudng goc véi mit phang (SBC).
b) Tinh cac khoang cach tir O va A dén mit phang (SBC).

2/ Tu dién ABCD c6 hai mat ABC va ADC nam trong 2 mat phang vuéng goc véi
nhau. Tam gidc ABC vudng tai A c6 AB =a, AC =b. Tam giac ADC vudng tai D c6
CD =a.

a) Chung minh cac tam giac BAD va BDC la nhitng tam giac vuong.
b) Goi I va K lan lugt la trung diém cua AD va BC. Chirng minh IK la duong vudng
goc chung cua hai duong thang AD va BC.

3/ Cho hinh lap phuong ABCDABCD canh a.

a) Chirng minh BC vuéng goc véi mit phang (ABCD).
b) X4c dinh va tinh d6 dai doan vudng géc chung cua AB va BC.

4/ Cho hinh chép S.ABCD c6 day 1a hinh thoi ABCD canh a c6 géc BAD= 60° va

SA=SB=SD= %

a) Tinh khoang cch tir S dén mat phang (ABCD) va d¢ dai canh SC.
b)Chung minh mat phang (SAC) vuéng goc véi mat phang (ABCD).
¢)Chung minh SB L BC.

d) Goi ¢ la goc gitra 2 mp (SBD) va (ABCD). Tinh tane .
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PHAN PHOI CHUONG TRINH TOAN 4

sd Tong s6 (gio)
m Tén cac bai trong hoc phan _ _ q
LY | gaitgp | KIEM | ToONg
thuyeét . tra SO
A | PHAN PAI SO VA GIAI TICH
Chuwong I: Diy sb - cAp s6 cong va 6 5 1 12
1 | cAp sb nhan
1. Phuong phap quy nap toan hoc 1 1 2
2. Ddy sb 1 1 2
3. Céap s cong 2 1 3
4. Cap s6 nhan 2 1 3
5. On tap chuong I va kiém tra 1 1 2
2 | Chwong II: Gidi han 7 5 1 13
1. Gigi han cua day sé 2 1 3
2. Gi6i han cua ham sb 3 2 5
3. Ham sb lién tuc 2 1 3
4. On tap chuong II va kiém tra 1 1 2
3 | Chuwong III: PAO HAM 5 7 12
1. Binh nghia va y nghia ctua dao 1 1 2
ham
2. Quy tic tinh dao ham 2 2 4
3. Pao ham caa ham sb lugng giac 1 2 3
4. Vi phan 1 1
5. On thi KH2 2 2

Két thic phan dai sé va gidi tichT
tong céng: 37 gio)
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sS4 Tong sb (gio)
il Tén cac bai trong hoc phan _ _ q
LY | Baitap | <16 | TON9
thuyeét i tra SO
B | PHAN HINH HQC
Chuong: Vecto trong khong gian. 10 12 1 23
Quan hé vudng goc trong khdng
gian
1. Vecto trong khong gian 2 1 3
2. Hai dudng thang vudng goc 2 2 4
3. buong thang vudng goc vaoi mat 2 2 4
phang
4. Hai mat phing vuéng goc 2 2 4
5. Khoang cach 2 1 3
6. On tap chuong I va kiém tra 1 1 2
7. On thi HK2 3 3
(Két thic phan hinh hoc, téng céng:
23 gio)
TONG CONG 28 29 3 60
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